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The present work is intended for those students who are 
occupied in graphically representing the forms of bodies, 
and the delineations of machines. To such a class the 
advantage of having general methods by which the posi- 
tion of points, lines, and surfaces, may be determined with 
exactness and precision, is very obvious. Descriptive 
Geometry supplies this want. Invented by the genius of 
Monge, and pursued with ardour and success by the most 
eminent French Geometricians, it is now taught in almost 
all the universities and in the principal schools of the 
continent. In England it was unknown, as a branch of 
instruction, until lectures were given upon it by Mr. 
Bradley, in the Engineering Department of King's 
College; and the present work has been undertaken to 
supply the students with a test book, that by it they 
might the more profitably attend to what they heard in 
the lecture room : and as an elementary book was neces- 
sary for beginners, it has been thought expedient to place 
before the students, in anEnglishdress,one which has stood 
the test of experience. The treatise on Descriptive Geo- 
metry, by Mr. Lefebure de Fourcy has, therefore, been 
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selected, and the following pages are, for the most part, 

translated from it. 

And now a few words on the subject itself. It is 
obvious that, in the progress of the arts, there is a con- 
stant necessity of transmitting to others the knowledge 
that is possessed of the forms of bodies ; either for the 
purpose of exhibiting the geometrical relations that have 
been discovered, or of guiding the workman engaged in 
the construction of objects whose dimensions are given. 
To effect this, two methods may be used ; 1°, a Model ; 
2°, a Drawing or Plan. The first method is commonly 
impracticable; not indeed of itself, but from the difficulty 
and expense of execution, and the time which would be 
spent in making the model. To the second method, the 
same objections do not apply with the same force as to 
the first, but another and peculiar difficulty belongs to it, 
which it is the special object of Descriptive Geometry to 
remove. For, the bodies to which reference has been 
made, the buildings which the workman has to erect, the 
machines, parts of which the drawings represent, are in 
different planes, while the sheet of paper which contains 
their graphical descriptions is in one plane. Means, 
therefore, must he found, by which the points in space 
may be referred to a single plane, and which, in every 



may be reterred to a smgle plane, and which, m every ■ 

problem, shall express with precision the given and re- I 

quired quantities. It is this exactness which constitutes fl 

^L the important difference between ordinary and Descriptive H 

^B Geometry. In the former, the figures, often drawn H 
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vaguely, serve to guide the mind in the series of reason- 
ings necessary to establish the truth of a theorem or the 
construction of a problem. In the latter, the steadiness 
of the hand and eye is also requisite : one line carelessly 
or inaccurately drawn, vitiates the whole result. 

It has been mentioned, that Descriptive Geometry 
owes its origin to Monge. He first conceived, that bodies 
might be represented by figures drawn in a single plane, 
by the aid of projections on two different planes, com- 
monly perpendicular to each other, and which we may 
consider as respectively horizontal and vertical. One of 
these, as, for instance, the vertical, is supposed to turn 
round their common intersection until it coincides with 
the prolongation of the other. The vertical projections 
are thus reduced to the horizontal plane, and their actual 
distances from the line of intersection always preserved. 
Considering points and hnes to be determined by their 
projections, and surfaces by the projections of their gene- 
ratrices, Monge ascertained that the various problems of 
the geometry of three dimensions, which had been solved 
before his time by a variety of processes, could be reduced 
to a small number of abstract problems, and formed 
simple and entirely general methods for their graphical 
solution. For the development and full apphcatlon of 
these principles, the reader is referred to the works of this 
great Geometer, and to those of the other French mathe- 
maticians, who have enriched the subject with a great 
I variety of problems. 
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THE PLANE AND STRAIGHT LINE. 
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Definitions . 

(1) A superficies is that which has only length and breadth. 

(2) A solid is that which has length, breadth, and thickness. 

(3) That which bounds a solid is a superEcies. 

(4) A plane superficies, or a plane, is that in which any two 
points being taken, the straight line between them lies wholly 
in that superficies. 

(5) A straight line is said to be perpendicular, or at right 
angles to a plane, when it is perpendicular to every straight line 
meering it in that plane. 

(6) The inclination of a line to a plane is the plane angle 
contained hy that straight line, and another drawn from the 
point in which the first line meets the plane, through the point 
in which a perpendicular from any point of the first line above 
the plane meets the same plane. 

(7) The inclination of a plane to a plane is the plane angle 
contained by two straight lines drawn from any the same point 
of their common section at right angles to it, one in one plane, 
and the other in the other plane. 

(8) One plane is said to be perpendicular to another plane, 
when the straight lines drawn in one of the planes perpendi- 
cular to the common section of the two planes are perpendicular 
to the other plane. 
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(9) Planes which do not meet one another, though pro- 
(j^ duced, are said to be pnrallel. 




A 


^^~.,,^^^ (10) The angle between two planes is 

P^_J>|'^ called the dihedral angle. 

j Thus, n A D M is Ihe dihedral angle of 

the tiTo planes, habk, pabm: Asia 

^^ called the edge, and the planes containing 

"^■^v,,^^ the angles are called faces. 

(11) A solid angle is that wliich is made by (he meeling of 

more than two plane angles, which are 

V not in the same plane, in one point. 

" / V\ Thus, the solid angle at B is con- 

/ \ \^ tained hj the three plane angles, a s b, 

/ ^)~^\ ABC, BBC; the planes abb, asc, 

y^ ^~\K BSC, are called faces; and s the ver- 




A- 


■^ tcx of the solid angle. 




(12) A solid angle is trihedral, tetrahedral, pentahedral, 
&c., according as it is contained by three, four, or fiye, &c., 
faces. 




Proposition I. 




One pari of a slraight line cannot be in a plane, and Ihe other 
part above il. 
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possible, let Jl^, part of the Btraight line abc, he in the 

plane, and the part nc above it. 

y^ Then v the straight line a a is 








J in that plane: let it bo produced 

"/ to d; and let any plane pass 




'^ inrougii xue siritigui iiiii: ah, aim 

revolve till it pass through the point c; then ■/ the points 
Band care in this plane; D c is in it; .-. two straight lines 

is impossible. 
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Proposition II. 

fao ttraigkt lines rvhich cut one another a 
and three straight lines which meet o. 



: in the tame plat. 
: another are in o 




Let the two straight lines ab, cd. Intersect at e; they shall 
be in the same plane; and BC, cb, be, 
L wbich meet one another, shall be in one 

Let any plane pass through the 
Mraight line eb, and let the plane on it 
produced revolve round eb, till it pass 
through the point c. 

Then ■.' e and o are in this 'plane, 
the straif^ht line ec is also in it; sirai- " ** 

larly bc ia in it; and eb is in it by hypothesis .'. ec, cb, be, 
B in one plime; but in the plane in which eg, eb, are, in the 

Cor. Hence a triangle ebc, or three points edc, deter 
' mine a plane. 

Proposition III. 
If two planes cut one another, their common section is a straight 
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Let two planes, ab, 
D B be their common sect 
be a straight line. 

For if not, from d to b, draw in 

the plane a b, the straight line deb, 

and in the plane bc, the straight line 

fb: then the two straight lines deb, 

F n, have the same extremities and 

include a space betvdst them, which 



D, cut one another, and let the line 
I : D B shall 



^ 



J 



is impossible: .'. bd, the common section of th 
BC, cannot but be a straight line. 

Propobition IV. 

If a straight line be jierpetidicular to each of Imo straight lin 
in the point of their intersection., it shall also be perpendi- 
cular to the plane passing through them. 

Let a straight line a b, be ->- to two straight lines b c, b d, 
meeting at the point B, it is also -L to M N, 
the plane in which they are. 

To prove this proposition, it mnst be 
shown that ab is -i- to any straight line BE, 
drawn from b, in the plane mn. Produce ab 
to h; make bh ^ ab: draw any straight 
line CED, cutting Be, be, bd, in c, E, D. 
Join A c A K, A d; n d, n b, a o. 

Then -.• a b = h b, and Zabc = ZuBC, 

and B c is common to the A ' a b c, n n c : .'. 

AG = nc: and similarly ad^hd. Again 

>, H D, all the sides are ^ ; .". Z a c e = Z h c e ,*. 

E, hce; ac = hc, ce is common, andZ^CE=: Z 
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.'. in&"ABE,HBE,AB=HB,B: 

;. Z ABB ^ Z HBB, and they are adjacent angles. .'. Z 
ABC ia a right angle, and consequcatly ab is -i- to the plane 



Proposition V. 

If three straight lines meet in one point, and a straight line be 
perpendicular to each of them in that point, these three 
straight lines are in the same plant. 

Let the straight line ab be -i. to each of the straight lines 
!^ B D, B E, in B the point wh^re they meeti B c, b d, b e, shall 
I in the same plane. 
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If not, if possible let B D, B E, be in one plane, and let 
be above it: and let a plane pass throogh. ab, ec, the 
section of which, wilh the 
plane in which B a and b b 
are, is a straight line ; let 
this be B F. 

.-. AB, BO, 

in one plane: viz., 
through AB, BC: 
AB IB -1. to both BD and 
BE, it is u. to the plane 
through B D and n e: and is 
,*, -U to B F, which is in that 
plane. (Prop. IV.) 

.-. Z ABP is a right Z, but Z ABC is a right / by 
hypothesis. .'. Z abf=Zabc, and they are both in the 
same plane, which is impossible. 

.'. BC is not aboTO the plane in which are bd and be; 
I nmilaily it is not below it: .'.bo, bd, be, are in the same 

Pbopobition VI. 

If two ttraight lines be perpendicular to a plane, they shall be 

parallel to each other. 

Let A B, c u, be -I. to the same plane; ab shall be parallel 

to D. ^ 

Let them meet the plane in bd: 

join b d: draw d b ju to b d, and in the 

same plane with it: make de= ab: 
I join BE, A E, AD. Then ■.' a b is J. to 

the plane in which B n, be, are, each of 

theZ', ABD, ABE, is a right Z: -'■ 

also Z c D B, and / c d e are right Z '^ ; 

and V ab=db, and bd is c 
I and z A B D = Z B D Ej .". a i 




^H Again, V ab=:I>b; bb = ad, .*. ab, bb=; ad, de, each to 

^H each, and AEis common to the & ■ abe,ade. .'. Zabe:x:Z 

^H ade; but ABE is aright Z,-'- adb is aright ^, and ed is -i- 

^H da: but ED is -I- to CD and DC: .". ED is-L to each of the 

^H three straight lines, db, da, dc, in the point in wliich they 

^B meet. .*. they are in the same plane; but a b ia in the plane of 

^K bd, da, V three straight lines which meet are in the same 

^1 plane, ■". ab, bd, dc, are in one plane; and each of the Z' 

^1 A B D, B D t, is a right Z •"- A B is parallel to c d. 

^ Proposition VII. 

If liBO straight lines be parallel, the straight line drawn Jrom 
an^ paint in the one to any point in the other is in the same 
plane reith the parallels. 

Let A B, c D, be parallel straight lines: take any point E in 
the one, and any point p in the other: the straight line y 
£ and F shall be in the pit 

the parallels. 

For if not, let it, if possible, be 

above the plane, as eof: and in 

the plane A B c D of the parallels 

draw the straight line E ii F from 

E to p: and '." EOF is also a straight line, the two li 

E H F, include a space, which is impossible. Therefore the 

straight line joining e and f is not above the ph 

similarly it cannot be below it: it is .'. in the plane 

Phoposition VIII. 
If Itvo straight lines be parallel, and one of them be pei'pen- 
dtcular to a plane : the other shall he also perpendiculai 
to the same plane. 

Let AB, CD, he the two parallels, and a b-l to a plane; o» 
is J- to the same pU 
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Let AB, CD, meet the plane in b and d: join tsd: .'. as, 
OD, BD, ore in one plane. (Prop. VIL) 

In the plane to which ab is J-, draw i> e J- b d and = a u: 
join BE, AE, ad: then v ABis-i-to the plane, each of the 
Z* ABE, ABD, is a right Z; and v CD meets the parallels 
ab, cd; .■. Zabd + Zcdm = two right Z*; but Z add 
ia a right Z , -■. Z c d b ia a right z : ■'. c d is -i- b d. 

And V AB ^ DB, and bd is common: andz abd := Z 
E D B, .", A D ;^ E B. Again, •,• a b ^r d e, b b ^ a d, and a e is 
common. .". zade=Zeda: hut Z abe ia a rightz,.'- 
EDAJB BO also, and BD is -1- u a; but ed ia -i- bd, .'- to the 
plane through bd, da, but dc is in that plane; .". Z EDcisa 
right Z , or CD ia J- d e, but c d is -"- b d, .■. to the plane 
through B D, D E, i, e,, to the same plane to which a b ia -i-, 



Pbopositiok IX- 
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Ttno straight lines, rvk'ich art each of Ihem parallel to Ike same 
straight line, and not in the same plane with it., are parallel 
lo one another. 



Let A B, c D, be each parallel to 
plane with it, a b shall be parallel to 

In EF take anypointo: from 
a, draw in the plane through 
£F, AB, OH-i. to EP: and in 
the plane through e f, c d, draw 



Then ■ 



E F is J- to hoth 

it is J- to the plane 
'. V is parallel to J 




e parallel. (Prop. VI.) 



*. B and c D being hoth - 
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Propohition X. 



another be parallel to two 
I are not in the tame plane 
two shaU 



If (iBo straight lines meeting 

others that meet one another^ and are not in the 
milh (he Jbrmer tivo, ike former two and Ike oih> 
contain equal angles. 

I/Ct A B, BC, which meet in b, he respecdvelj' parallel to de, 
EF, meeting in e, but not in the same 
plane as ab, bc; the Z abc = Z dep. 
Take B A, DC, ED, D F, all =: ; joia 
AD, cr, BE, AC, II f: then ■/ ba is = 
and parallel to de, .'.ad is =: and pa- 
rallel to BE: for the same reason cF is::^ 
and parallel to BE: .*. ad and of being 
each of them = and parallel to be, .'. 
they aie ^ and parallel to each other: 
; and dp, which join their extiemities towards the same 
parts, are also =: and parallel. But V ab, bc =;: de, ef, each 
to each, and ac := df, ■*■ Z abc := Z def. 
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pBOPoamos XI. 

3 draw a straight line perpendicular to a plane Jrom a given 
point above it. 

Let A he the given point, bh the given plane; it is required 
to draw from the point A, a straight line -l to Bit. 

In the plane draw any straight line bc, and from A draw 
> JL to BC. Then if ad he also -i. to bh, a d is the -i. re- 
quired: but if not, in bh, draw de"'"bc: and from a draw af 
de: af is -1- to the plane bh. 
Through rdraw oh p.irallel to bc. 

Then v BC is -i- both to ed and da, it is -l to the plane 
throngh them; and on is parallel to bc. .'. oh is also a. to the ^ 
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plane eda and .•, oh is J- to af: and conTereely ap is -l to 

OH: and AFisJ-toDE. /, ap is -U to the plane thxongh Eoand 
on, i.e., to the plane bh. 



_a. 



CoK. Hence it followa tliiit if ap be aj-to a plane, and 
PD a J- to any line BC in that plane, and ad be joined, that ad 
ia -Lto BC. 

Proposition XII. 
From a given point in a plane to drato a perpendicular to the 

Let A be the given point in tlie plane; take any point b 
i above the plane, from which draw 

I J- to the plane: and then ^1 I" 

&om A draw ad parallel lo cb: 

AD ia the J- required. For ac , 

being -U to the plane, and ad V 
[ parallel to bc, ad is also -i- to , \ 

l-flie plane. '^^"" ~"^ ^^^=^^i^d 

PttOPOsmoN XIII. 
I Tojind tkt perpendicular ditlance of two lines not in the same 

Let AB, CD, be the two Itnea. Through any point a in ad, 
Ldiaw AH II to CD, and let un be the plane passing through ab 

WMi AE. 



Let a plane pass througk ba, ac, and let DAE lie the coi 
moB aection of it with tbe given plane : .*. ab, ac, dae, are 
one plane. 

Then ■,■ ca is -i- to the plane, and meets dae, .*. Z t ae 
B right Z > for the same reason 
BAE is a right Z • 

.*. Z cAE = z BAE, the less 
to the greater, which is impassible. 

Also, from the same point ^ 
above a plane there can he drawn ^ 

hut one perpendicular to that plane; for if there could be two 
they would be |{, which is absurd. 

Proposftion XV. 

Planes to tvhich Lhe same straight line is perpendicular are 

parallel lo one another. 

Let AD be -1- to each of the planes CD, ef; these planes arc 
II to each other. 

If not, they will meet if produced let them meet, their 
common section is a straight line on, in 
'which take any point K, and join ak, hk 

Then v ab is -l ef it is -i_ lo bk 
.". Z ABK is a right Z ; for the same 
reason kab is a rightz ; -'. two z* of 
the A A B K are == two right Z S w hich 
is impossible ; .'. the planes cD, ef, 
though produced, do not meet; therefore 
they are 11- 

Pboposition XVI. 
If Into itraigkt lines meeting one another be parallel to two other 

tlraighl lines which meet one another, but are not in the same 

plane reith the Jirst two; the plane which passes through 

these is parallel to the plane through the others. 

Let AB, BC, meeting in d, be || to de, ef, meeting in e, hut 
which are not in the same plane with ab, bc: the planes through 
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3C, and DE EF, are ||. From B, draw bq jl to plane 
through ED DF through a, nhere Bo meets the plane; draw 
11 to ED, and GK II to ef. 

And '." BO is -l to plane dp, 
each of the Z' bgh, bgk, is a 
right Z; and v ba is || to qh, 
(for both are || to DE,) the Z 
GflA+ /Bon=two right /=. 

But Boir=a right ^ , .". Z 
GBA = right Z, .'. OB is -L to 
BA. For the same reason gb ib 
-i- BC, and ,". GB is -i_ to the 
plane through ab, bc; and it is ~i- to plane through be, ef. 

1 the plane through ab, bc, and the 
plane through DE, bp; hence these planes are parallel. 
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Proposition XVI I. 

IJ' two parallel planes be cut by another plane, their 
sections milk it are parallels. 
Let the parallel planes, ab, cd, be cut by efhg, and let ep, 
HO, be their common sections: ef shall be parallel to gh. 

If not, ef, gf, will meet if 
produced either on the side of 
PH OT EG. First let them be pro- 
duced on the side of fh, and 
meet in the point k. 

Hence, ■.• efk is in the plane 
AB, every point of efk is in that 
plane, .'. K is a point in the plane 
is a point in the plane cd; ,'. the 
planes ab, cd, meet if produced, which is contrary to the 
hypothesis. 

.■- EP and QH do not meet when produced on the side of ph. 
In the same manner it may be shown that Ihey do not meet when 
produced on the side ep: wherefore ep and hg are parallel. 



11 



For the & 
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Proposition XVIII. 

If two ilraigkt lines he cut by parallel planes., tkei/ skail be cut 

in the same ratio. 

be cut by the parallel planes gh, kl, mn, in the 

C, p, d; then ab 



Join A 



i; let AD meet 
Then '.■ 



KL in x; join ex, xi 
the parallel planes kl, mn, are 
cut hyEXDB, ,', EX is parallel to 
bd; and V oh, kl, are cut by 
the plane axfc, the common sec- 
tions AC, XP, are parallel. Then 
V EX is parallel to bd in A abd, 



and ■ 



s parallel t 




P 



Pboposition XIX. 

'' a straight line be perpendicular to a plane, every plane past- 
ing through it shall be perpendicular to that plane. 

Let AB be -1- to plane ck; CTery plane through ab shall be 



Let plane sb pass through ab; and let 
section of D e and ck. Take any point f in 
-L to ce; then v ab is -l to ck, 
^ ABP is a right ^ , but ofb is a 
right /, .*. AB and fg are |{, 
and AB is -i- to the plane ck, .'. 
FG is -1- to the same plane. But 
one plane is -i- to another plane, 
when the straight lines drawn in 






of the planes, J- to their 
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common section, are also -l to the other plane. And any line 
PO, in the plane de, drawn -L to the line CE, is also -i- to ck. 
.'. the plane db is -i- to ck, And the same may be prored of 
any other plane passing through A B. 

Proposition XX, 
Jf two planes which intersecl be each perpendicular lo a third 
plane, ikeir common sectio'i shall be perpendicular lo Ike 
..me plane 

Let the two pidines xii, nc, he each .±. to the third pL-uie, 
and let bd be the common section of ab, bo; bd shall be J- to 
the third plane 

J, If it be not, from d in ab draw db -I- 

•■^■^ AD, the common section of ab with the third 

plane; in bc draw UF ~i. CD, the common 
section of bc with the same plane. 

Then v AB is Ju to plane adc, and de is 
-1- to AD, .'. DEia-i- to ADC; similarly, dp 
I IS -1. to adc; ,'. from the same point D, two 
i-^ - -^ ^ __ -"-", DE, DP, to the sameplane ADC,havebeen 
* c drawn, which is impossible j .". the only line 

that can he drawn from d J- to adc is bd, the common section 
of AB and BO. 

Proposition XXI. 

If a solid angle be contained by three plane angles, any two of 
them are greater than the third. 

Let the solid Z a, he contained hy the three plane Z*, bad, 
cad, dab; any two of them shall 
he greater than the third. 

If the three angles he all ^ , th« 
proposition is eyidcnt. If not, let 
BAc he not less than either of the 
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point A, in the plane through ba, ac, make Z bae = Z dab. 
Make ae ^ad; througii e draw bec, cutting ajj, ac, in b aiid 

, and join sb, sc. 

And V DA = ae, and ab is common, and Z dabj= Zeab, 

.". db = eb; but V BD, DC, are > BC and bd = be, .". dc Is > 
Bc; and V da=:ab and ac is common, also i>c> ec, .■. Z 
DAO is >Zeac; and Zdab— Zbae, .". Zbac+ Z d-^b is 

> Z BAO. 

Also, Z BAC is not less than either of the other tivo; .'. Z 
BAC + either of the other two, must be > than the remaining 



Proposition XXII. 

Every solid angle is contained hy plane angles, iohick togelker 
are less tkanJoiiT right angles. 

First, let the solid Z A be contained bj the three plane Z* 
BAC, CAD, dad; take in each of the lines ab, ac, ad, any points 
B, c, d; join bc, cd, dd. Then 

the solid Z b, /. Z cba + Z 
ABD are >■ Z dbc; similarljZ 
BCA + Z ACD, are > Z dcb; 
andz CDA+ Z adb, are> bdc- 

.*. Z*CBA, ABD, BCA, ACD, CDA, 

ADB, are > Z' BBC, BCD, bdc; butz dbc + Z dcb+ Z bdc 
= two right Z '■ 

.■. Z CBA + Z ABD + Z BCA + Z ACD + Z CDA 

ADBare > two right Z^; and v the three Z* of each of the 
A" ABC, ACD, ADB, arc = two right Z% -■. the nine Z' of 
these A', viz., the Z° cba, BAC, acb, aod, adc, dao, adb, 
ABD, BAD, are = six rightz'; and of these the Z* cba, abd, 
BCA, ACD, ADC, ADB, are > two right Z*' •'• tte three 
remaining Z', bac, bad, dac, are < four right Z'- 

Next, let the solid Z at a he contained bjr any number of 
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plane /% bac, cad, dab, baf, fab; these togethi 
less than four right Z '. 

Let the planes in whicli the Z^ are, be cut hj a pli 

t Bc, CD, DE, EF, FB, be its common sections witb the planes. 

Then v the soUd Z u is contained by three plane ZS cba, abp, 

!, of which any two are > the third, z CBA + ZABPare> Z 
FBC; for the same reason, the two plane Z ' at each of the points 
C, D, E, F, viz., those Z * which are at the bases of the A ^ having 
L Tertes a, are greater than the third Z at the same 
point, which is one of the angles of the polygon, bcdef; .'. all 
the Z S at the bases of the A ^, are together greater than all 
the Z* of the polygon; and V all the Z* of the A'' ^ twice 
s many right' Z' as there are A', i.e., as there are sides in the 
lolygon BCDEP; and ■.* all the Z* "f the polygon + four 
right Z' ;= twice as many right z' as there are sides in the 
polygon; .'. all the Z* of the A* are ^ all the Z" of the 
polygon + four right Z'; hut the Z' at the bases of the A* 
are > Z" of the polygon; ,'. the remaining z' of the A', 
which are those at the vertex, and contain the solid at a, are 
■< four right Z '• 

Cob. Hence may we find how many of the plane Z * of an 
equilateral and eqtiiangular polygon be taken to form a solid 
angle. 

1°. Let the plane Z be that of an equilateral A . 
'' Then ■.■ each Z = 60° ; and •.■ 3 x 60 = 180, 4 X 60 
= 240, 5 X 00 = 300: a solid Z may be formed of 3, 4, 
5 equal Z* of an equilateral A ; but not more, v 6 x 
60 = 360 = four right Z*- The solids so formed are 
respectively called the Tetrahedron, the Octahedron, the Icosa- 
hedron. 

1 2°. Let the equilateral polygon be a square ; then each plane 
Z=90°; and v 3 x 90 = 270 < 360, 'a solid angle with 
three right Z" may be formed, but not more, v 4 x 90 is not 
This solid is the cube. 
, Let the polygon be the pentagon; the interior Z of 
which = 108°; and v 3 X JOS = 324<360. A solid Z 
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containing three of these Z "> niay be formed. A regular solid, 
which has this kind of Z 9 is called the Dodecahedron. 

As the interior Z of a hexagon = 120^, no solid Z can 
be formed of the plane Z^ of a regular hexagon; and the 
same may be said of the Z" of a polygon containing more 
than six sides. 
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1. The object of Descriptive Geometry is the invention 
of methods by which we may repreaeut upon a plane, having 
only two dimensions, length and breadth, the form and 
position of a body which possesses three dimensions, length, 
breadth, and height. 

This definition of the chief object of descriptive geo- 
metry includes its application to points and lines situated 
above or below the piano, to which they are to be referred ; 
and thus gives us means of drawing such linos and pointn 
with an accuracy unnecessary and unknown to cuiimion 
geometry. For the results obtained in plane geometry do 
not depend upon the faithfulness with which the figurea aro 
drawn, but upon the accuracy with which the rcawnin^ in 
conducted. But even in these problems wo often iimkc 
assumptions with regard to the mechanical drftwinff of 
hues, which we should find it extremely difficuU In vjiteatM. 
Thus in Propositiou XI. of the Introduction ws my, dnw 
AD -1- Bc; hut the practical difficult of drMnng ac w m 
great as that of drawing a b, the lAqett <il ll 

The means by which deacriptive | 
object is the method of Pii jfitinat, wb 



2. The projectioa c/ s | 
of the perpendicular let ft 
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Thus, if pp be drawn from p, per- ] 
dicular to the plane mn, p is the pro- ] 
jection of p upon the plane m n. And ' 
MN Ib called thepiaiie of projection. It 
/ / ^ is also evident thatp is the projection of 

every point of the line pp. 

3. The projection of a line upon a plane ia the line 
formed by the projectiona of every point of the former line. 

From the different points of 
the curve ab, let fall perpendi- 
culars on the plane mn; the 
curve line ab, formed by the 
feet of these perpendiculars, is 
the projection of the curve ab. 
The perpendiculars so drawn 

will form a surface, called, from the parallelism of the lines 

which may be supposed to generate it, a cylindrical surface; 

and for this reason it is often known by the name of the 

projecting cylinder. 

The projection ab may be considered as the intersection 

of the projecting cylinder with the plane ms; and it it 

evident that every curve, as a'b' traced on this cylinder, will 

have ab for its projection, 

4. When ab is a plane curve, and in a plane peqjen- 

dieular to the plane of projection, the 
projecting cylinder coincides with the 
plane of the curve; and the projec- 
tion of the curve ab is the straight 
line ab: but when the curve is in a 
plane parallel to the plane of projec- 
tion, it is manifest that the projection 
is an equal curve. 




DKSCBIPTIVE ( 



^M ' 5. The projectioa of a straight line ab is a line 
Pp the perpeadiculars let fall from the different points c 
are all in the same plane. 

And since two points deter- 
mine a line, we have to draw 
the projection of a b, merely to 
find the projections a, />, of any 
two points A, b; then join a, b, 
and the line ab, or that line 
produced, will he the projection required. 

A plane drawn through ab -i- to mn ia called the pro- 
jecting plane of the line a b. 

Hence to 6nd the projecting plane of a b, we draw from 
any point a, a a, perpendicular to the plane mn; and 
suppose a plane to pass through the two lines ab and a a, 
it will be the plane required. If ab he perpendicular to 
MN, its projection is the point where ab or ab produced 




1. A point ia determined in space, when its projections, 
. two planes which intersect, are given. 

For the point should he found upon each of the perpen- 
diculars drawn to the planes from the given projections; 
and these perpendiculars can only intersect iu one point, 
which is the point required. 

The two planes to which reference is here made, and 
which are generally at right angles to each other, are called 
the planes of projection, or co-ordinate planes. 

The following proposition will determine when two 
points in the co-ordinate planes are the projections of the 
eame point. 

7. When two points, situated in two co-ordinate planes, 
are the projections of the same point in space, the per- 
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pendicuUrs drawn from these points upon the line of intei^ 

section of the planes, must meet at the same point in tha% 

line. 

Let a;y«, icy«, be the two co-ordinate planes; xg' 

the line of intersection. From any point a, draw tha- 
perpenuiculars, \a, Ati'; a 
through AH, a a', draw the plane 
Aa'pa, cutting a-y in p, and the 
two planes in ap and a'p; then 
the line nry shall be -l to the 
plane Kopa' and ■'. to ap and 
a'p: and thus the -■-', from tha 
projections a and a' of the point 
A, meet in the same point. 
Next, the points a and a' are always the projection of 

the same point in space. 

The line xy being -i- to ap and a'p^ is also J- to the 

plane apa'i and .". the planes xys, xyu, are -l to plane 

apa' ; :. conversely apa' is -l. to xyz, and xyu. ,". if 

from a and a' perpendiculars he drawn to the planes icyz^ 

xyu, these lines will be in the plane ap< 

evident that they ought to intersect in the point a, <rf 

which the projections are a and a'. 

8, A line is known, when its projections upon two planes 
which intersect are given. 
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Let ab, a'b', be the projections of a line ; through aO 
mceive a plane -i- to xyz, and through a'b', a plane -i- to 
xf/u; the intersection as of these two planes is the line of 
which the projections are ab and a'lt'. 

If the two lines a/t, ah' are -l to «?/, but intersect it in 
difforent points m, n, they cannot be the projections of the 
same line, since they are obviouBly in parallel planes, pma 
and qna' . 

But if the projections ah, a'b', be both -i. to xtf, and 
meet xif in the same point m, 
then the plane ama' of these 
lines is-i-bothtoaryr, and xyu, 
so that every line situated in 
ama', will have the same pro- 
jections ah and a'h'. 

In this case we must intro- 
duce a third plane txs, which 

does not pass through iry, and the line may be determined 
from its projection a"h'' upon txg, 

9. The projections of any curve upon two intersecting 
planes will determine the curve. 

For abc, a'b'c', being the projections of arc upon xyz 
and Jpyw, suppose perpendicu- 
lars to these planes to be drawn 
fram the different points of a he, 
a'h'c'; these will form two cy- 
lindrical surfaces, accA, a'c'cK, 
both of which will contain the 
curve ARC, and which will de- 
termine that cun^e by their intersection. 

If the cj'linjncal surfaces do not intersect, the projec- 
tions do not belong to the same curve. 
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If ABC be a plaue curve, and its plane be -i- to xy, the 
two projections are merely the intersections of the plane 
through ABO, and the curve remains undetermined. 

Def. The intersections of a plane with the co-ordinate 

planes are called the traces of the plane. 

10. When the traces of a plane are given, the plans 
itself is given. 

We have already seen (Proposition II. of the Intro- 
duction), that two hnes which intersect determine a plane ; 
we might, indeed, make use of the projections of three of 
its points upon the two co-ordinate planes, but it is more 
convenient to use the traces. In general, the plane meets 
the line of intersection of the two co-ordinate planes, and it 
ia manifest that the point of intersection «, must belong 
to the two traces aa, a'a. 

If the plane be parallel to xt/, its traces are also parallel 

to X!/. If it be -1- to xy, its 

traces are also .j. to xy. If it 

be parallel to one of the two 

planes, its trace upon the other 

will bo parallel to iry, and will 

bo sufEcient to determine the 

plane ; but if the plane pass 

through xt/, its two traces coincide with xy, and a third 

plane of projection must be introduced to determine ita 

position. 

Hitherto we have made no hypothesis with regard to 
the angle between the two planes of projection. But to 
render tlie constructions the more simple, we shall hereafter 
consider the two planes to be at right angles to each other, 
and that one of them, arys, is horizontal, and the other, 
xyu, tertical. Their intersection, xy, is called the 
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If a line be parallel to the horizontal plane, it is eaid to 
be horizontal ; and to be vertical when it \a perpendicular 
to the horizontal plane. But a lino is not necessarily ver- 
tical when it is parallel to the vertical piano. 

Each projection of a line, of each trace of a plane, takea 
its name from the plane which contains it ; thus the projec- 
tions and traces situated in the vertical plane, are the ver- 
tical projections and traces. 

In consequence of the planes of projection being at right 
angles to each other, we deduce : 

1°. If a point or a line be in one of the two planes, its 
projection upon the other plane will be a point in the ground 
line. 

2°. If a line be parallel to one of the two planes of 
projection, its projection on the other plane will be parallel 
to the ground line. 

3°. If a plane be perpendicular to one of the planes of 
projection, its trace upon the other plane will be perpen- 
dicular to the ground line. 

i'^. The perpendiculars to the ground line, from the 
projections of a point, are respectively equal to the dis- 
tances of that point from the planes of projection ; for it is 
manifest that Aa'=ap, and Aa=a'p. (See fig., p, 21.) 



11, In order that all the constructions may be made in 
one plane; the vertical plane a-ya, is supposed to turn 
round the intersection j-y, as if try were a binge, until it 
coincides with the plane iti/u', 
which is xifu produced 'upon 
the other side of tey. 

The lines in the plane of 

irt/z imdergo no change; but 

I after the revolution round xy, 
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the projections a and a' have a connexion which 
be carefully observed and remembered. 

Let a and a' be the original projections of a, before the 
motion of the plane xyu: we have seen that the perpen- 
diculars from a' and a, upon «y, meet in the same point p. 
Now, while xyu revolves round ^y, a'p is still jl to ay; 
and when xyu coincides with xyu, a"p, which is the posi- 
tion of a'p, is in the same plane with ap^ and -l. to the same 
line xy, and at the same point p in xy: .'. ap and a'p must 
be in one and the ^ame straight line ; whence we see that 
the straiffht line joining the horizontal and vertical projectiont 
of tie same point a is perpendicular to the ground line xy; 
and that the part a"p gives the elevation of the point a 
above the horizontal plane, and that ap is the distance of it 
from the vertical plane. 

12. We now proceed to give problems relative to the 
straight line and the plane. The drawing that contains 
the construction of the problem is called the Draugjit. 

The given quantities and the results of the problems are 
generally expressed by continuous lines, and the lines of 
construction by dotted lines. 

And that the explanations of the drawings may be 
readily understood, a uniformity in the notation is very 
necessary. We therefore indicate points in space by capital 
letters, a, n, c, &;c., but these rarely appear in the drawings.. 
The small letters abc, &c., belong to the projections in the 
horizontal plane ; the accentuated letters a'b'c\ &c., indicate 
projections in the vertical plane. 

The ground line is always designed by xy, and the 
Greek letters a, /9, 7, &e., generally indicate points situated 
in that line. 

The following abbreviations are also used : — The point 
[o, a'], designates the original point a, which has a and a' 
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', a'b'], that line which has 
■ and the plane aaa', that 



f 



for its projections ; the line \ai 
for its projections ab and a'b' ; 
of which the traces are a a and a 

And when a point, a line, or a plane, is said to be 
linown, it is meant that the projections of these are known. 
And conversely, when a point, a line, or a plane, is to be 
determined, it is sufficient to find the projections of the 
point, those of the line, or the tracea of the plane. 



Problem 1. 



r the points 



iten the projections of a line to find its traces, ■ 

ickere the line meets the planes of projection. 

13. The straight line in spaco is the intersection of its 
projecting planes; and the point of intersection of the 
horizontal tracea of these planes is evidently in both planes, 
and thus is a point of the line required : similarly, the inter- 
section of the vertical tracea of the two projecting planes is 
the vertical trace of the line. 

Let ah and a'b' be the two given projections, meeting 
the ground line in a and 6' Aver- , „• 

tical plane through ab will have ab 
for its horizontal, and «»', jl^^^ at 
r, for its vertical, trace. 

A plane through a'b' -"- to the 
vertical planewill be the other pro- 
jecting plane of the lino, and a'b' 
will bo its vertical, and b'b -u to xi) ii 
its horizontal trace. 

The point b, where the horizontal traces of the project- 
ing planes intersect, and c', where the vertical traces inter- 
sect, are two points of the line in space, and, being also in 
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1 the horizontal pli 



the co-ordinate planes, are the traces required. 
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Hence, wo obtain this practical rule to find the verticAl 
trace: — Produce the horizontal projection of the line to 
meet tlio ground lino ; from v, the point of intersection^ 
draw vv' -i~ a.*y, meeting the vertical projection aV 
t' is the vertical trace ; and, to find the horizontal trace, 
draw from b', where a'b' meets a-y, b'b -l xi/, to meet the 
horizontal projection ab in b: b is the horizontal trace, 

14. Hence, conversely, given the traces of a line, its 
horizontal and vertical projections, may be found, 

For, given »' and 6, we have merely to draw r'r and bf/ 
L to the ground line ,ry; then join th and v'b': these lines 
produced vrill he the projections required. 

1 5. If we change the projections ah and a'b', the traces 
t' and « can take a variety of different positions. 

In fig. 1, the horizontal trace is in front of the ground 
lino, and the vertical trace 

Tn fig. 2, the horizontal trace is still 
before the ground line, hut the vertical 
trace is in the lower part of the ver- 
tical plane. 

In fig. 3, the horizontal trace is be- 
hind the ground line, and the vertical 
trace abov 

In fig. 4, the horizontal trace is behind the ground line, 
and the vertical trace is in the lower part of the vertical 

Problem 2. 

iten Ike traces of tiro planes, to Jind the projections of 
the common section of the planes. 

1 6. Let m be the point of intersection of the two hori- 
zontal traces ap and bq of the planes, n'that of the vertical 
traces, a*p and b'q. 
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These points are common to the two planes, and the 
iae which joins them in space is evidently the intersection 




of the planes. The point m being in the horizontal plane 
is the horizontal trace of the line; and if wim' be drawn -l 
to ity, m' will be the vertical projection of ffi. In the same 
way, n' is the vertical trace of the line, and w the horizontal 
projection of »'. If, therefore, we draw the lines mii and 
tn'n', these are the projections required. 

The following cases require attention: — 

1°. Lot one of the planes have one of its traces, the 
horizontal trace, for instance, perpendicular to the ground 
line; this plane is perpendicular to the vertical plane, and 
its vertical trace is the vertical projection of its intersection 
■with the other given plane. The rest of the construction is 
the same as above. 

tjpose two of the traces, viz., the horizontal traces 
illel ; the intersection of the two planes will be 
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parallel to these traces, and the horizontal projection wi 

the intersection will be also parallel to them, and its verticid 

projection tn'n' parallel to the ground li 

3°, Let the two planes meet the ground line at the same 
point; and let the two planes be apa' and hph'. Tha 
general construction will not apply to thia case. The planes 
must be cut by another plane, and the projeetioiia of the 
two lines of iatergection found. The points where these 
projections meet will be the projections of a point common 
to the two planes; and as the point p, where these planes 
meet the ground line, is also common to them, it follows 
that the projections of their intersection are completel; 
determined. 

In general, the third plane of projection is taken perpen- 
dicular to the ground line, the traces of the given planes 
upon it are determined, and thus the construction is referred 
to the general case. This solution is that given in the, 
figure. 

The traces of the third plane are aa, aa', both 
xy: they meet the traces of the plane ap'a in a and a*i 
and, if we conceive the vertical plane of projection to 
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placed, for an instant, in its true position, the line joining J 
a and a' will be the trace of the plane apa' upon the third | 
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plane. Now make this third plaDe turn rouud aa till it 
coincide with the horizontal plane ; the point a will not be 
changed, aa' will coincide with xy, and the point a will 
coincide with a" if aa" = aa\ consequently, the line join- 
ing a and a' in apace, will coincide with aa". 

In the same manner the trace 66" of the other plane 
upon the third plane may be found ; the point d, where it 
cuts aa'\ is common to the two planes, and we have merely 
to determine the projectiona of this point upon the primitive 
planes. 

Now, if dm he drawn -i- to a a, its horizontal projection 
will be m: and if dd' be drawn -l to wy, and we take in 
aa', o»»'= dd', its vertical projection will be m'. Join 
.'. pm and pm' : these will be the projections of the inter- 
Bection required. 

4P. Let the planes be parallel to the ground line, then 
their traces and tlieir intersection are also parallel to that 
line, and the general construction does not apply. We 
must in this case also use a third plane, as we have done 
above: but the mode of proceeding will be precisely the 
same aa that above described, and will therefore be suffi- 
ciently intelligible to thelearner without further description. 

Problem 3. 

To Jlnd the intersection of a line with a plane. 

17- Let a plane pass through the given line and cut the 
I pven plane ; the poiut where the given line and the line of 
the planes' intersection meet will be the point required. 

, Let the plane passing through the given line be ver- 
^ deal, that is -i- to the horizontrl plane. 

, be the traces of the given plane; bcb'e' 
Ltheprojectionsof the line. Produce 6c to m, drawm»i'-i.to 
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xy, meeting h« in i' 




: tlien hm and mm' will be the hori- 
a! zoiital and vertical traces of the 
plane through the given line ; 
let h m meet a n in d: then d and 
m' are the intersection of the 
5s- traces of the two planes ; and if 
dd' be drawn -l to xy, and m'd' 
be joined, m'd' will be the ver- 
tical projection of the intersec- 
tion of the two planee. The 
vertical projection of the required point should be on m'd': 
but it must also be upon the vertical projection b'c' of the 
given line ; it is .", at o', the point of their intersection. 
The horizontal projection o may be found by drawing 
■> -^ to wy, and meeting be in o. 
The point o may bo found as we have determined o', by 
supposing the third plane to be -•- to the vertical plane. ItB 
traces are n'n and n'b', and they cut those of the given plane 
1 n and e ; then draw e'e a. xy, join en, it must meet bo 
in the point o. 

. Let the plane passing through the given line hava 
any position whatever. 

It is obvious that its traces will pass through those of 

the given line : first, therefore, determine the traces, n and 

m' of the given line, be, b'ti"; then through those traces, 

^H and any point |3 in a-y, draw the lines ffp and 0p'. The 

^M given line is in the plane p^p', since two points of it are 

^H in that plane. 

^H Next, to determine the intersection of the two planes. 

^H From d and /, where the tracer of the planes intersect, 
^H draw dd' and e'e J- to xy, draw the lines de and <fV, 
^^k these are the projections of the intersection of the twft^ 
^H planes. 
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^F Wow the projections of the 

Hik-iequired point might to be in 
theee projections and in thoae of 
the given hno, 61!, b'd" : hence 
the horizontal projection ought 
to be at o, the vertical projec- 
tion at o', and .'. the line 00' 
should be J. to ;r«/. 

iCoR. Suppose the given line 
to be ^ to one of the planes of 
projection, — for instance, the horizontal plane, — its hori- 
Bontal projection will be a single point 0, and its vertical 
projection o'o" is -i. to «y. 
The plane cdd' passing 
through it is vertical, and its 
trace dd' -l to xj/; but its 
horizontal trace has only one 
condition, namely, that of 
passing through the point 0. 

The other part of the con- 
struction is the same as in the general case, the vortical and 
horizontal projections of the required point being 0' and 0. 

»The preceding construction will enable us to solve the 
following problem : — Given one of the projections of a point 
ntuated in a given plane, to find the other projection. 




Problkm 4. 
To Jtnd the points of intersection of three given planet. 

18, The pianos, taken two and two, give three lines, 
which pass through the required point. We therefore by 
Problem 2 find the projections of these lines ; and, when 
the constructions are correctly made, the three horizontal 
projections intersect in the same point, which is the hori- 
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Bontal projection of the required point ; t!io tliree vertical 
projections also intersect in the same point, which is the 




vertical projection of the same point; and, lastly, the line 
that passes thronght hese two projections ought to be -i. to 
the ground line. In the figure, the horizontal projections 
of the intersections of the three planes, taken two and two, 
are ad, bf, ce; the vertical projections are a'd', A'/*, (//,■ 
and the required point has for its projection o and o'. 

PBOBLEM 5. 

Given the projections of two points, to find the projections of • 

the line which passes through them, and the distance 

beticeen them. 

19. Let a a' and b b' be the projections of the points a 
Draw the lines ab a'h' ; these, it is evident, will be 
the projections of the straight line ab. 

Next, to find its magnitude. Wo know that aa' and 
bV are -l to xy, also that ra' and sb' are equal to the 
altitudes of a and ii above the horizontal plane ; if .". wo 
e two vertical lines to be drawn, one from a and the 
other from b, and respectively equal to ra' and sb', their 
extremities will be the points a and b, and the distance 
between them is the distance required. 
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w 

^^K Since the two vortical lines are m the same plane witli 
^H al), conceive throu^li s a line to be drawn parallel to ab, 
^^ and terminated at the other vertical, a 

right-angled triangle will be formed, 

of which the base is := ab, and the al- 
^1 titude == the difference between the 
^M verticals, and the hypothenuse is the 
^f distance required, ab. 

To construct this triangle, through 

i' draw I'm parallel to xtf, meeting ra' m m, take ml' =. ab, 
w a'l' ; then a'l' ia the distance required. 



Problem 6. 

T Given the projections of a straight line and a point, to find 
those of a line passing through the point, and parallel to 
the given line. 

20, Let ab a'b' be the projections of the line, cc' of 
I &B point ; through c draw cd parallel 
I'b'; through c' draw c'd' parallel 
I to a'b': then cd and C'd' are the pro- 
jecttons required. 

For when two lines are parallel, 
eir projecting planes are also parallel, 
and .'. the intersections of these planes 
1 with a third plane are also parallel ; i. e. 
1 two parallel lines are also parallel. 





I the projections of 



Problem 7. 

ane, and also one of the projections of 
ne, to find the other projection. 

21. Suppose the horizontal projection of the line to be 
1 given ; through it suppose a vertical plane to pass, its inter- 



j Given the traces ofap 
a line in the pi 
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section with the given plane v 
trace is required. 



1 be the hne whose vertical 




Let aaa' be the given plane, be 
the givoa projection. Drawcc'-i-to 
xff, it will be the vertical trace of the 
plane through cb ; and ft and c' where 
the traces of the two planes intersect, 
are points of the line which has be for 
ta horizontal projection. Draw.*, bb' 
to xy, join b'&, it will be the ver- 



tical projection required. 



Through a gtmn point, to draw a plane parallel to a giten 
plane. 

22. Let a, a' be the projections of the given point ; 0b 
0b', the traces of the given plane. Then, since the inter- 
sections of two parallel planes with a third plane are also 
parallel, therefore the traces of the required plane must be 
parallel to those of the given plane. 




Through the given point a, a', and in the required plane, 
suppose a line to be drawn parallel to tlie horizontal trace 
of the piano ; it will .-. be parallel to 0b ; its horizontal 
projection ad must pass through a, and be parallel to 



L. 
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r ita vertical projection miiat pass through a', and be parallel 

* to irt/. 

Let d' be the vertical trace of this line, it is .". a point 
in the vertical trace of the ret[uired plane ; draw ."■ rfV 
parallel to ^b', then dY is the vortical trace of the required 

. plane: produce cW to meet a:y in 7, draw 7c parallel to 

[ ffb, it will be the horizontal trace of the required line. 

To verify this construction, suppose through the given 
point a line to be drawn parallel to ^h', of which the pro- 
jections aro ae and a'e'; the point e, where it meets the 
horizontal plane, must be on the horizontal trace of the 

I Teqoired plane. 

Problem 9. 
To draw a plane through three giwn points. 

23. Since the points are given, their projections are also 
I given ; lot these be a, a', b, b', c and c*. Join therefore the 
L points, taken two and two, by the lines ab, a'b\ b c, b'c\ 




, a'c'; which, having each of them two points in the 
I required plane, will be wholly contained in that plane, 
j Find, therefore, the three points of intersection of these 
L lines with the planes of projection, and we shall have the 



I 
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two traces of the required plane ; the three points of each 
trace must be in the eame straight line, and the two traces 
muBt intersect the ground line in the same point. 

Thus let the line a b, a'b' meet the planes of projection 
in A, and »; the line ac, a'l^, in h^ and «,,- the line be, ftV, 
iu A, and »,; consequently the horizontal trace of the 
required plane will pass through the points A, A', A', and the 
vertical through e, u^, e^, and these two traces shall cut xy 
in the same point t. 

Cob. If the line joining two of the points be parallel to 
one of the planes of projection, as, for instance, tbe vertical 
plane, the preceding construction could not be executed. 
But, in that case, the vertical trace of the required plane is 
parallel to that linei or, what is the same thing, to its 
vertical projection. 

Problem 10. 

To draw a plane through a given point and through a given 
line. 

2i. Let a and a' be the projections of the given point ; 
be and b'</ those of the given line ; ad and a'd' those of a 




line through the point and parallel to the given line, and 
therefore situated in the required plane. 
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Eand e be the horizontal, and b' and d' the ver- 
iB of these lines ; .■- the lines ce, b'd', are the 
traces of the required plane, and produced must meet x>f in 
the same point. 

Problem 11. 
Todrmc a plane t/trouy/t a ffhen line parallel to a given 

25, In the first line ab, a'b', take any point, f, f, and 
I tiirough it draw a line parallel to the second line cd, c'd'. 




The required plane must contain this line, and the line 
I ab, a'b'; and the traces of these lines will determine the 
traces of the required plane. (Prob. 9, 10.) 



PROBLKM 12. 

Through a given point to draic a plane parallel to two given 
lines. 

26, Through the given point draw linos parallel to the 
given lines ; the intersectioua of these lines with the planes of 



projection, ■ 
plane/ 
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.1 give two points of each trace of the required 



To draw a line through a glten point which ghall meet two 
given lines. 

27. First, find the traeos of a plane passing through the 
point, and through one of the lines ; then the traces of ^ 
second plane, also passing through the point and the other 
line ; the line required, which ought to be in both planes 
at the same time, is therefore their common intersection. 

Thus, let a, a' be the projections of the given point 




be, b'c', and de, d'e', those of the lines ; let fa, ag', be the 
traces of the first plane ; /^, ^g, those of the second plane : 
then gf, g'f, will be the projections of their intersection, 
or of the line required. 

To verify this construction, we must have, 1°. That this 
intersection should pass through the given point. 2°. It 
should meet the first given line. 3". It ought also to meet 
the second line. 



r 

^H From a giten point to draw a line perpendicular to a given 
^H plane, and then to determine its magnitude 
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I 




28. We shall first show that the projections of the per- 
pendicular are -l to the traces 
of the given plane. The plane 
which projects the line on the 
horizontal plane is .J- hoth to 
the horizontal and the given 
plane (Prop. XIX., Introduc- ^ 
tion) ; .". conversely, both are 
-1- to the projecting plane, and 
consequently their intersection 
IB also -L to it (Prop. XX., 
Introduction); but this intersection is the horizontal trace 
of the given plane, .'. this trace is -l to all lines situated 
in the projecting plane, and .". to the horizontal projection 
of the perpendicular. A similar method of reasoning applies 
to the vertical projection. 

This being the case, draw, through the projections a, a' 
of tho given point, a b, a'b', respectively, J- to the traces ym, 
ym' of the given plane ; and it is manifest we shall have 
the projections of the required perpendicular. We can 
then determine b and b', (Prob. 3,) the projections of the 
foot of tlio perpendicular, and, lastly, we can find its length 
fl'c, (Prob. 5.) 

Problem IS. 
Through a gima point to draw a line and plane, both per- 
pendicular to a given line. 

29. First find tho traces of a plane -u to the given line; 
t these are -^ to the projections of this line, consequently it 
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will be suffiuieiit to know one poiot of either of these traces 
to know both. 

Let o, a' be the projections of the gireii point, be, b'c' ' 
thoso of the given line. Through a, a', suppose a horizon- 
tal line to be drawn, parallel to the horizontal trace of the 




required pl.ine ; its horizontal projection being parallel to 
this trace will be -i. the horizontal projection he of the 
given line; and thus this projection is a kuawn line ad: 
the line a'd , parallel to xy, will be the vertical projection 
of this line. And as this horizontal line is altogether in 
the required plane, therefore rf', its intersection with the 
vertical plane, will be a point of the vertical trace of the 
required plane. Draw, therefore, through this point rfm' 
to he, and m'^m' is the plane 



thei 



J- to JV 
required. 

Next, to find the projections of the -l from the given 
point upon the given plane. To do so, find/i and^', the 
projections of the intersection of this line with the plane 
mym': draw the lines aj> and a'p': these are the projections 
requi 



rtriven the projections of a line, to find the angles which it 
makes tcith the planes 0/ projection. 

30. Def. The angle which a line makes with a plane 
I 18 the angle formed by the line and its projection upon the 
I plane. 

Let ab and a'h' be the projections of a line, aa' and bb' 
I ita traces, determined by a previous proposition ; let the plane 




i abli' turn round bb', till it coincide with the vertical plane ; 
during this revolution the line « 6 is not altered in magni- 
tude, and as it is always J- bb', it will take a position as 
bm along a-y. At the same time the line joining a and b' 
in space will coincide with b'm, and thus the required 
angle coincides with the angle b'mb. 

If the plane aa'b' be supposed to revolve round ab', the 
angle might be found in the horii^ontal plane; in this case 
the vertical bb' would be measured along bn, -u iaab, and 

, the required angle would be nab. 

To find the angle which the line makes with the vertical 

I plane, a similar construction must be made ; it is represented 

I by apa' on the horizontal, or by qb' a' on the vertical plane. 
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Wheu the two points a and b' are very distant, we may " 
use the foliowing iDethod :— Take any two points in the 
line ; let c, c", d and d', be their projections. Through the 
point dd' imagine a line drawn parallel to ab, and find the 
angle it makes with the line. To do this, let the vertical 
plane which contains the angle turn round the vertical 
from c, till the plane is parallel to the vertical plane of pro- 
jection ; then the required angle is projected on this plane 
in its true magnitude, and is represented by c'rd. We pro- 
ceed in tlie same manner to find the angle with tlie vertical 
plane. 

Problem 17. - I 

Given the traces of a plane to find the angles which the plans 
makes vtith t/ie two planes of projection, and also the 
ajigle between the traceg. 



SI . Let €[p and qr be the traces of the plaue : 
first the angle it makes with the horizontal plane. 



to find 




Since the angle between two planes is measured by that 
between two perpendiculars, drawn, in each of the planes, 
from the same point of their common intersection ; draw 
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- to pq, and be -i- to xy^ meeting qr in c; tlie straight 
^ line joining c and a is in the given plane, and is-i-pqi and 
the Z it makes with ab is the Z, required, (Prop. XI, 
Inti-oduction.) The Z ia that of a right-angled A, of 
which ab ia the base, and be the height. To make it 
' eoincide with the vertical plane, suppose it to revolve round 
I be in xyi take 6a = ia, and / ca6 is the angle required ; 
and for the horizontal plane, draw io = 6c' and -i- to in, 
and cab will be the angle required. 

To find the Z the plane makes with the vertical plane 
draw bd J- qr, and fie J. to xy. The line in space, joining 
d and e, makes with db the required Z; and if this Z be 
made to coincide with the horizontal plane, it ia represented 
by eob; if with the vertical plane, by &db. 

Lastly, to find the angle between the traces. Since the 
line joining the points a and c'is -l to/ij, if the plane ^gr 
turn round pq till it coincide with the horizontal plane, ac 
will coincide with oc', which is -■- to pq; the distance aq 
remaining the same; the point c'c' comes to c", «c' being 
made equal to ac or to c'a, the real length of the line join- 
ing the points aye'; qr will therefore eoincide with i^a, 
drawn through q and c', and pqs is the Z of the traces. 



Phodlem 18 



1 the p7-ojectlong of two lines, to Jind the anyle between 
the lines. 



32. We may remark that, when the points of intersec- 
E ^on of the two horizontal projections of the lines, and of 
I their two vertical projections, arc not in the same perpen- 
I dicular to the ground line, the two lines do not really meet. 
I In that case we draw from any point two lines parallel 
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to them, and the anfjlB between these lines is the angle 
required 

Let .■- « and «', ab and a'b\ ae and a'c', be the pro- 
jections of this point and of the two parallel lines- 




Find b and f, the intersectioiiB of the two Imef with 
the horizontal plane, and join be, we miy consider this 
line as the base of a A, of whah a and a aro the projec 
tions of the vertex Our object \a to find the verticil Z, 
and we must .". construct the A . 

Draw.", ad -i- to be, and suppose a line drawn from rft-o 
the vertex aa'; this line will he -l to be; so that if the A 
■Yohe round be, till it coincides with the horizontal plane, 
this -"- will bo in the directionof <f a; and to find its length, 

see thit it la the hipothonuse of a right-angled A, of 
which the aidea are = ad and a'm; .'. on a-?/, take md" = 
a d and a d will be this hypothenuse. 

Then produce da to a, bo that i/a = a'd'; join S a, ca, 
and A b KC will be the Z required. 

We have in the construction of the A used its altitude ; 

B might have employed its sides. For the horizontal 

projections of the sides are ab and ae, their vertical are 

a'V and a'&; then make m b" := ab, m c"= a c; draw the 
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^V^hypotQenuHB a'b", a'e" ; tbese 
^V-are the lengths of the liDes. 
With centres b and e, and with 
radii equal to a'l>", a'c", describe 
two arcs; their intersection de- 
L- termines the vertex a, and cCm- 
leqiiently the £ 1>ac. 




Problem 19. 

To hUect the angle between two given llnee. 

13. Let a b, a'h', a c, a'c\ be the projections of the two 
I lines. (See last (ig. but one.) 

°. As in the preceding proposition, construct theZi^e 

I between the lines, and draw \f bisecting this angle. It ia 

I manifest that, if the L b \chei raised to its first position, . 

the line a/ will still bisect the angle : we must .". find the 

projections of a/. 

Now, during the motion of the A , the point f, where 
the line cuts be, does not alter its position; it ia .". its 
horizontal projection ; and i-^ff be drawn -i- to xv., f will 
he its vertical projection. One of the projections .", of the 
required line should pass through /, and the other through 
f: but they ought also to pass through a and a' ; .'. af 
and a' f are the projections of the line. 

If, instead of bisecting the angle, it be required to 
B divide it into two parts, having a given ratio to each other, 
r we must draw a/ so that ^ b\c may be similarly divided. 
The rest of the construction remains the same. 
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To find thf a 



Problem 20, 
e between a straight line and a plane. 



Si. It is obvious tbat, if from any point in the line I 
we draw a -l to the plane, the z between these two lines i 
is the complement of the required angle. We have .". 
merely to construct the z between these two lines. 

Let Im, Im', and ab, a'b' , be respectively the traces of 
the plane and the projections of the line. 




From a draw aa'-i- toa;y; draw a c, «'c'J-to Im and 
/ m',- then a c and a'c' will be the projections of a J- from a 
point in the line on the plane. Then construct the Z 
between this -l and the given line; and the z 6ac thua 
found will be the complement of the angle required ; then 
draw il/i -l to ac, and the required z will be 5a^. 

Pbobi.bm 21. 

To construct ilie angle betireeit tico planes. 

35. Let aaa', a0a' be the two planes; find ab, the 
horizontal projection of their intersection : suppose theni to 
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\ out by a plane -i- to their intersection, the traces of 
Jiia plane are .". -i- to the projections of that line (Prob. 

I 14); draw .'. ffck -l- ab, gch may then be taken for the 
horizontal traco of the plane J. 
to the intersection. 

This plane cuts the given 
planes in two lines, which pass, 
the one through p and the other 
through h, and which make 
rith gh a. A , in which the Z 

ll^posite to gh is the Z re- 

tquired. For the Z between 

|:two planes ia measured by the 

1 z between two lines drawn from any the same point of the 

I . common intersection of the two planes, and ->- to it, one in 

I one plane, the other in the other. 

The vortex of this L ia in the vertical plane aba' ; now 
this plane \&-'-gk v gh is -^ab; :. the line from c to the 
verte.x of the A is -i- gh; .*. by being made to coincide 
with the horizontal plane, it lies in the direction of c6. 

To find its length ; since the plane of the A is -l to the 
intersection of the given planes, and the line required is in 
the plane of the A, it is .'. j- to this intersection. Let the 
vertical plane aba', revolve round its vertical trace ba', 

[ until ba coincides vrith .ry. 

I The points a and c will describe the arcs ap and eg, 

^'ronnd b, and will come to^ and q. Then the intersection 
of the given planes will be in a'p, and the rei^uired distance 
will be the line qr, -l to a'p : make cm in a 6, therefore, 
^ qr, draw the hnes sg, sh, and Z hug is the Z required. 
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CURVE SURFACES AND TANGENT PLANES. 



36, Isf what has preceded, the required points have been 
determined by the intersection of planes, and the questions 
regarding them have been considered as solved when the 
positions of these planea are determined. We now proceed 
to treat of a different class of problems, which are dependent 
upon curve surfaces ; it is therefore necessary to make soma 
remarks upon these surfaces. 

"We know that when a curve is traced upon a plane, it 
may be considered as a series of points connected together, 
and determined by a law, which furnishes whr.t the geonien 
ters call the equation to the curve : thus, the circle furnishes 

with an instance of this law, since every point in it is at 
the same distance from one point, called the centre of the 
circle. This property gives ua both a mechanical method 
of describing the circle, and a geometrical relation by which 
its equation may he found. Now, surfaces differ from curves 

I ill this respect : that their respective points are in space,- 
and are not limited in position to the same and constant 
plane, but extend in all directions. Still these points are 
subject to a law, which particularizes and determines the 
surface in question. 
The curves just spoken of being always in the same 
plane are called plane curves. There are curves called 
curves of double curvature, which are not in the same 
plane : such is the liBli.\, of which tbo corkscrew is a 
familiar instance. Wo might trace such a curve by the 
motion of a point, and thus say generally, that curves are 



e 
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described by tbe motion of a point, while surfaces are 
described by the motion of a line. 

»' S7. The surfaces of which we shall treat may be divided 
Jtato — 1, Surfaces of Revolution; 2, Conical Surfaces; 3, 
Cylindrical Surfaces. 

Surfaces of Revolution are those which may be supposed 
to be described by the revolution of a curve round its axis. 
Thus the semicircle revolving round its diameter produces 
the sphere, and the ellipse ronnd its axes generates the 
spheroid. From this method of generation, it is plain that 

» every section perpendicular to the axis is a circle; while 
every section made by a plane passing through the axis 
will reproduce the original curve. 
Conical surfaces are described by the motion of a line, 
^ich is compelled always to pass through a fixed point, 
and the other extremity moves through a curve traced upon 
a given plane. If the given curve be a circle, and if the 
given point be in a line passing through the centre of the 
circle, and perpendicular to its plane, the surface described 
is that of the ffommon, or right, cone. 

Cylindrical sui-faces are described by the motion of a 

kline always parallel to its first direction, but the extremity 
moving through a given curve in a given plane. 
If the given curve be a circle, and the line be perpen- 
dicular to the plane of tbe circle, the sui-face described is 
the common, or right, cylinder. 

. The moveable lino which generates the surface is 
called tbe generatrix, and the line which directs and limits 
I its motion the directrix. 
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The Tangent Plane and the Nob\ 






38. W e may consider a curve to be a polygon, of which 
the sides are infinitely small, and ono of its tangents to be 
the prolongation of one of these indefinitely small sides. 
In the same manner a curve surface may be considered as I 
a polyhedron, whoso faces are infinite in numher and in-, 
finitely small, and the tangent plane is the plane of one < 
these faces. And to have a clear idea of a tangent plane to 

a point in a surface, we must suppose that round this point 
there has been taken an infinitely small portion of the sur- 
face, which is considered a plane, and this plane, indefinitely 
extended, is the tangent plane. 

39. If we conceive through the point of contact any 
number of lines whatever to bo traced upon the surface, 
and if from the point under consideration we take infinitely 
small portions of these curve lines, we may regard these 
portions as straight lines, which produced will be tangents 
to the respective curves of which ultimately they form a 
part; but all these small lines will also be in the tangent 
plane, and therefore when produced will also be in that 
plane. 

Hence we see that the tangent plane to a surface con- 
tains all the tangents, drawn through the point of contact, 
to all the lines which can be traced through the point upon 
the surface. 

40. This proposition is of great importance in deter- 
mining the position of a tangent plane, since as it is only 
necessary to have two lines given in order to find a plane, 
it follows, that in order to construct the tangent plane to a 
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rgiven point of a surface, we have merely to draw tangents to 
' 'two lines traced upon the surface, and to make the plane 
pass through these tangents. Our choice of the lines on 
the surface will, of course, be directed to those whose tan- 
gents are most readily found, 

D^. A normal is a perpendicular to the tangent plane, 
(drawn through the point of contact. 



' Planes to Surfaces. 



THE CYLINDER. 

Problem 1. 

^itea the horizontal trace of a cylinder and the direction of 
phe generatrixeg, to draw a tangent plane to a given 
point of tJie cylinder. 

41. Let aecf be the horizontal trace of the cylinder; 
CBod in this instance suppose aecf to be a circle. 

Draw afi, cd, tangents to aecf^ and parallel to the 
[horizontal projections of the generatrixes ; these tangents 
[Vill be also the limits of the horizontal projection of the 
I cylinder, since all the generatrixes must be projected be- 
I tween these two lines. 

Draw the tangents e/, ffy -l to xy, and ey, fk'-, 
parallel to the vertical projection of the generatrixes ; it is 
clear that these latter linos will he the limits of the vertical 
projection of the cylinder. 

Now, suppose that the horizontal projection m, of a 
['point in the cylinder bo given, and let the other projection 
I be reijuired. 
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Draw through m a vertical plane, parallel to the generfH '1 
trixes, which caii intersect tlio cylinder only in one or more of.J 




the generatrixes; the interaectionsof thefiogeneratrixes with 
the vertical, drawn through the point m, give the points of tho 
surface which are projected in m. The traces of this plane 
•e the line m q, drawn parallel to a b, through the point 
1, and the line qq' -l to a-y. And since the first meets the 
arve aecf in i and k, it follows that the plane cuts the 
cylinder in two generatrixes, the horizontal projection of 
both being in the direction of mq; and their vertical pro- 
jections are found by drawing (*', ^■^■'j -i- to xif, and i'q' 
k'q" parallel tafh'. 

Draw mm' -l to xy; and m', m", where mm' meets I'y', 
and k'q", are the vertical projections of points of the cylin- 
der corresponding to tho horizontal projection m. 

This being done, next to draw a tangent plane to the 
point 1)1 m' . We see, first, that this plane ought to con- 
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tain tlie generatrix, i m, VW, whose traces are i and (/: 
and farther, it must be a tangent to the cylinder at every 
point of this generatrix. Now the tangent plane to a sur- 
face contains the tangents to every curve traced upon thia 
surface, and pasainjj through the point of contact ; if .". we 
draw the tangent ((', to tho curve aec, it will he in the 
required plane, and since it ia in the horizontal plane, it is 
the horizontal trace of the tangent plane. Produce /( to 
meet ati/ in o ; draw oq"; o j" will be the vertical trace of 
the plane. 



Problem 2. 



rTo draw a tangent plane to a cyllnde)", throuffh a point with- 
out it, 

42. The tangent piano to the cylinder contains a gene- 
ratrix, and in the preceding problem we have seen that its 
horizontal trace is a tangent to that of the cylinder: if, 
therefore, we suppose through the given point a line to bo 
drawn parallel to the generatri.\es, it will he altogether in 
the tangent plane; and if, after having constructed the 
horizontal and vertical traces of this parallel, we draw 
through the former, tangents to the horizontal trace of the 

> cylinder, these tangents will be the horizontal traces of 
tangent planes, passing through the given point. After- 
'wards, to find their vertical traces, join the vertical trace of 
the same parallel to tho points where the ground line is 
intersected by the horizontal traces of the pUnes. The 
details of the construction are represented in the next figure. 
The projections of the cylinder are traced, as in the 
preceding proposition ; the projections of the given point 
are m and m' ; those of the parallel to the generatrix are 
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mt and mV; the trace of the parallel is i and t': there- 
fore the tangents to, t^, drawn to the horizontal trace 
of the cylinder, will be the horizontal traces of the tangent 
planes, and aa', fia', will be its vertical traces. 




To verify the constructions, we liave drawn through the 
given point lines parallel to i a and t^: the points r' and s', 
where the parallels meet the vertical plane, should be on 
aa' and ^a'. The generatrixes in which the planes touch 
the cylinder, serve the same purpose. One of them, which 
has its projections e p and i'p', meets the vertical plane in 
a point p': and the other, which has projections ^b, and 
k'n', meets it in a'. Now it is evident that the trace a a' 
must pass through the pointy', and the trace 0a' through 
the point k'. 
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To draw a tariff ent plane to a cylinder, which shall be parallel 
to a gieen line. 

43. A tangent plane, parallel to a given line, ought to 
contain a generatrix of the cylinder, and a, parallel to the 
given line. If, therefore, we draw through a point of this 
line a parallel to the generatrlxes, the tangent plane will 
be parallel to the plane determined by these two lines. 
Consequently, wo construct the traces of this latter plane, 
and draw, parallel to its horizontal trace, tangents to the 
horizontal trace of the cylinder; these tangents will be 
the horizontal traees of the tangent planee, which satisfy 
the conditions of tlio problem. The vertical traces may be 
constructed, since we know the points where they cut the 
ground line, and a lino to which they are parallel. 

In the fig., the point o o\ taken upon the given line, 
is that through which the parallel to the generatrixes of the 
cylinder is drawn; and the traces of the plane passing 
through these two lines are 71/ and yv': the tangents r a, 
and S;9 are drawn parallel to the horizontal trace 71/, and 
ur' and ^r', parallel to 7/; the planes rar\ sQs', are the 
tangent planes required. 

To verify the constructions, we observe that the gene- 
ratrixes ip, i'p', and k q, k't^, ought to meet the vertical 
plane in the traces a.r' and /S/. 

When the point jo/^', is very distant, it would be incon- 
venient to determine k'q'. In this case take in the genera- 
trix I'm, i'm', the point m,m', and through it conceive a line 
parallel to ra: its projections are mt, parallel to ra, and 
wY parallel to xy: and since it is in the tangent plane, ita 
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vertical trace /' ia on the vertical trace of the plane. Hence 
the point ^ can serve to determine the latter trace, or to 
verify it when it is known. With the same view we could 




draw a line parallel to the generatrixes, through any point 
in the horizontal trace ra. 

If we draw a second tangent plane to the cylinder, its 
intersection with the former ought to be parallel to the 
generatrixes, since each tangent plane contains a genera- 
trix, and the generatrixes are parallel each to each. 
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THE CONE. 

Problem 4, 
Given the korisontal trace of a coneand the projections of its 
vertex, to find the tangent plane to a point in the surface. 

44. Let acd be the base or horizontal trace of the cone, 
0,0' the projections of the vertex. 




To find the outline of the cone, or the limits between 
which all the generatrij^es are projected, draw in the hori- 
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zontal plane the tangents oa and 06; then the tangents cc*, 
dd\ Jl. to .ry; and the lines o'c', o'd', in the vertical plane. 

First, to determine the points of the surface which 
correspond %vith a given vertical projection, m'. Draw the 
line o'm\ cutting x^ in e\ and e'e -"- to a-y,- then oV, e'e, 
are the traces of a plane -i- to the vertical plane, which 
contains the required points, and which passes through the 
vertex of the cone. This plane can only meet the cone in 
its generatrixes ; and as its horizontal trace ee', meets the 
base acd, in points e and /, it is evident that oe and 0/ are 
the horizontal projections of these generatrixes; thence it is 
easy to find the horizontal projections m and n of the required 
points, 

Suppose that the tangent plane to the point mm', be 
required. We observe that the plane ought to contain 
) generatrix oe, o'e', and touch the cone in the whole 
extent of that line. Next, dravF the tangent ex, to the 
point e, join O'p', p' being the point where the generatrix 
meets the vertical plane, then ex and xp' will be the traces 
of the tangent piano, 

PnOBLEM 5. 

To draw a tangent plane to a cone, through a point without 
the cone. 

45. Every tangent plane to a cone passes through its 
vertex, and its horizontal trace is a tangent to its base. 

Draw, therefore, a line joining the given point and the 
vertex of the cono ; and from the point where this line 
meets the horizontal plane, draw tangents to the base of the 
cone. These tangents will be the horizontal traces of the 
tangent planes required. To find their vertical traces, join 
the vertical trace of the same line to the points where the 
tangents to the base meet the ground line. 
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Iq the figure (see last fig.) the projections of the vertex 
are oo'; those of the given point are rr'; those of the line 
passing through these two points ara or and oV,- the traeea 
of this line t and u\ and the tangent planes, are u'^ and (0. 

To verify the constructions, we may find the vertical 
traces of the generatrixea of contact, and also the vertical 
traces of the parallola, drawn through the given point, to 
the horizontal traces of the two tangent planes. 

Problem 6. 
^ To draw a tangent plane to a cone, parallel to a given line- 

46. The tangent plane, which passes through the vertex, 
must contain a line drawn from the vertex parallel to tho 
given line. This will be sufficient to shew that, after hav- 
ing traced the projections ot, o't\ of this parallel, the con- 
Btructions will be the same as in the preceding problem. 
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some pro- V 



CURVES AND THEIR TANGENTS. 



GbNEKAL PBIffCIPLES. 

A LIVE is defined and determined, either by 
perty which characteriseB it, or as being produced by the 
motion of a point, or as the intersection of two surfaces, 
each of which contains it. In the greater number of cases, 
in the practical apphcation of descriptive geometry, lines 
have to he considered as being produced by the inter- 
section of surfaces^ and it is chiefly under this point of 
view that they will be treated of in this part. Never- 
theless, the hehx and the epicycloid will be investigated 

examples of curves of the two former kinds. In the 
other examples the question to bo resolved will always be 
comprised in this general enunciation : " Two surfaces 
being givmi, to determine the curve formed by their mutual 
intersection and to draw the tangent to it at atit/ proposed 
point. When one of the surfaces is a plane, it is further 
necessary to construct the curve of intersection, of its true 
magnitude, and if one of the surfaces is developable, the 
curve formed by tho developemeot of the intersection must 
also be drawn. 

Let the intersection of a plane and a cuired surface be 
first considered: the mode of generation of the surface being 
known, the generatrix may be defined in its different posi- 
tions and its intersection with the plane determined. By 
this means the projections of as many points of the required 
section may be obtained as may be considered necessary, 
and the projections of the curve must be drawn, conti- 
nuously, through them. 
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^^P AV'iicii it is the intersection of two curved surfaces that 

^H is required, the following is the general mode of proceeding. 

^^1 The aurfacoa aro considered to be cut by a series of parallel 

^^1 'planes, each of which dctemiinos by its intersection with 

^^P the given surfaces two curves, the projections of which 

niuat bo constructed, the points common to these curves 

obviously belong to the curve sought. It might at first be 

supposed that four curves would have to be drawn for each 

cutting plane, two on each plane of projection : but since 

the cutting planes, may be assumed in any position, they 

may always be taken as parallel to one plane of projection, 

I consequently the projections of the sections made by these 
planes with the surfaces on the other plane of projection 
will be straight lines parallel to the ground line, or will be * 
the trace of each cutting piano. The points on this straight 
line common to the intersection are immediately obtained 
from the projectiona of the curves on the other plane of 
projection. 
In certain cases of frequent occurrence, the choice of 
these auxiliary sectional planes is determined by the nature 
of the finrfaccs: thus, if one of them be a cylinder, the 
planes should be assumed as parallel to the axis of the 
aolid, because in that case the intersections with the surface 
will be right lines, and if the two given surfaces are both 
cylindrical the cutting planes may be assumed parallel to 
the generatrixes, or axes, of both cylinders. 

If one surface be a cone, and the other a cylinder, the 
planes should be assumed as passing through the vertex of 
the former, and as parallel to the axis of the latter solid. 

If one of the given surfaces be a surface of revolution, 
the auxiliary sectional planes should be assumed as perpen- 
dicular to the axis of revolution, aiui the sections with this 
solid will, consBfiuently, be circles (37). 
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It must be borne in mind tbat tbe tangent-piano at any 
point of a curved surface, contains all the tangents which 
can be drawn at that point to any curve lying in the sur- 
face, passing through the point. Hence it follows, that to 
draw a tangent at any point of a curve, resulting from the 
intersection of a given plane with a curved surface, the 
tangent-plane to the surface at that point must be con- 
structed, and the intersection of the first- mentioned plane 
with this tangent-plane, will be the tangent to the curve. 
And, generally, if a lino be the intersection of any two sur- 
faces the intersection of the two tangent planes drawn, one 
to ea^h surface at any point of the intersection of the sur- 
faces, will be the tangent to that intersection at the point 
in question. 

The tangent to a curve may be also determined from 
other principles. The normals (Def., p. 53,) drawn to two 
surfaces from any point of their common intersection, are 
respectively perpendicular to the two tangent-planes at 
that point : hence the required tangent to that intersection 
at that point, will be perpendicular to the plane passing 
through the normals. 

This mode of proceeding is preferable to the former 
when the surfaces are surfaces of revolution, for in this case 
the normaU are more readily drawn than the tangent- 
planes. 

The projection of a tangent to a curve, is always a tan- 
gent to the projection of that curve ; for if the tangent be 
considered as the prolongation of an element of the curve, 
the projection of tliat tangent will be the prolongation of 
the projection of that element. 

It must be obsei-ved that in those cases, when from the 
particular conditions of the case the foregoing principh 
cannot be applied, the required tangent can only be drawn 
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lechaDically to touch the projection of the curve at the 
L given point. 

§ 1. Sections of Curved StraPACEs by Planeb. 
Problem 1. 

Wjntertection of a cylinder perpendicular to the horizontal 
plane hy a plane perpendicular to the vertical plane. 
47. The conatruction will consist of three distinct parts. 
First, To determine the projections of the intersection 

and those of its tangents. 
Secondly, To construct this intersection of its true mag- 
nitude, and the tangents to it at the same poiuts- 
Thirdly, To develop tho cylinder and to describe the 
curve which will represent the section developed, 
and to draw the tangents to this developed curve. 
1°. The horizontal trace of the cylinder may be any 
f curve at pleasure a6c . , . and its generatrixes are perpen- 
dicular to the plane by the hypothesis. The vertical trace 
of the cutting plane may be any straight line qp', while its 
horizontal trace qp, must be at right angles to the ground 
line a-j/. Since every line on the cylindrical surface has 
y abe ... for its horizontal projection, and every line on the 
[ cutting plane has p'q for its vertical projection, the two 
I projections of the intersection are determined. 

Take any point m in abc ... at pleasure, and through 
I it draw mm"m' perpendicular to iti/ to cut p'q in m'; it is 
I obvious that m"vi' is the vertical projection of the generatrix 
I which passes through m, and that the point in which this 
I generatrix cuts the plane p qp' hae m, m' for its projections. 
ti,m' are, therefore, the projections of a point in the curve 
I of intersection. By repeating this construction, the pro- 
BCtions of OS many points may be obtained as are requisite. 
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The tangent at any ono of these points, as for examiile 
,)w', is easily obtained. The tangent plane to the cylinder 
at this point is vertical, and has for its horizontal trace tho 
tangent mn, to the base abc .... Now the tangent 
required ia the intersection of this tangent-plane with the 
given one; the projections therefore of this tangent are 
mn and qp'. 




2°. To determine the tnia magnitude and form of the 
section let ns suppose the plane ^5/) turned down on one 
of the planes of projection by rotating on the trace qp'. 
The point m, m' is situated in space on a perpendicular to 
qp' at a distance from m' equal to mm": hence by drawing 
MM at right Z* to qp' and making it equal to mm", m will 
be one point of the curve sought. By the same construc- 
tion as many points may bo found as may be deemed neces- 
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aary to allow the curve a nc . . . being drawn. To ijraw 
the tangent to this curve, at tlio point m, it ia only neces- 
sary to observe, that in the rotation of the plane the line 
qn will Fall in qs, perpendicularly to qp', so that by drawing 
MN, we obtain the tangent at the point m. 

If the plane pqp' be turned round on ita horizontal 
trace /)i2, the curve of the section may also be drawn of its 
true magnitude in the horizontal plane of projection. Draw 
mr perpendicular to pq; if we then conceive a line in space 
between r and the point m, m', this line will be perpen- 
dicular to pq and will be projected of its true magnitude in 
qm': if then mV, in mr, produced, be made equal to qm', 
the point m' will be one in the curve of the section, when 
turned down on the plane of projection, and on the same 
principles any requisite number of other points may bo 
obtained ; nw will obviously be the tangent to the curve in 
mm when tins curve is turned down. 

There is yet another construction for this purpose, 
which may be occasionally advantageously employed. Let 
the plane j[>i7p be supposed to turn round on a line perpen- 
dicular to the vertical plane, as on dd", d' till it assume a 
position parallel to the horizontal plane ; the curve, lying 
in this plane, will then be projected on the horizontal plane 
of its true form and magnitude : to obtain points in this 
projection, it is only necessary to make da" equal to d'm', 
as will be readily understood from the figure by what has 
been already explained. The point of contact of tlie tangent 
is now in m"; to draw the tangent at that point it is only 
necessary to deduce a second point in it, as n", on the same 
principle as that by which m" is obtained, the line nri" 
being drawn parallel to xj/ for the horizontal trace of the 
plane, in wliicli the trace of the tangent lies during the 
Totation of the plane pqp' on dd", d'. n" will conse- 
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quently lie in ntt" thus drawn. It will also be obBerred 

that the point o in which the tangent nm, qvt' cuts the axia 

f rotation dd", <£, not being changed during the rotation 

I, the tangent n"m" will pass through o. 

3°. If a cylinder be considered as a prism with an 
infinite number of faces, it is clear that if this surface be 
developed, or unrolled, every section perpendicular to the 
generatrixes will become a right line on the developement 
at right angles to the edges, or arrises, of the prism when 
and the length of these arrises, comprised 
perpendicular sections will not be 
altered. If therefore the curve 
aho ... be divided into any num- 
ber of arcs ab, be, ed, tSic, and a 
line be drawn, and made equal 
to the curve abc by setting off 
along it the equi-distances a0, 
^y, 78 . . . respectively equal in 
number and magnitude to the arcs 
ab, be, cd, ... then by setting the 
true lengths of the respective arrises 
along perpendiculars, aa', ^^, 
'•/'/, SS' . . .to the line a . .'. 8, 
the curve o'^S'y' drawn through 
these points will be the develope- 
ment of the curve of the oblique 
section. The true lengths of the 
arrises are furnished by their pro- 
jections a'a", h'b". ... on the ver- 
tical plane, 
bo represented by ^' on the deve- 
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loped curve; then, since the elements of the original curve 
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■do not change their angle of inclination to the generatrixea, 
or arrises, by being developed, the tangents, which are these 
elements produced, preserve their inclination to the arrises 
when developed. Now the tangent at the point mm' passes 
through M, and the angle made by this tangent with the 
I arris of the cylinder is an angle of the right-angled triangle, 
of which m« is the base, and m"'m' the altitude: if, there- 
I fore, fiiv be made equal to mm, and fifv be joined, this line 
will be the tangent to the curve. 

Scholium. In the figure the curve abc ... is a circle, but 
the construction above described is not the less general : 
whatever may be the curve abc . . ., it will always be found 
that the tangents in m and m', to the curves abc ... abc..., 
cut the trace/)!/ in the same point n, or, which is the same, 
the tangents in m, and m' to the curves abc . .. abc..., cut 
the right line dd" in the same point o; hence this 
I ■ remarkable 

Theorem. If any, whatecer, cylinder be cut by any 
I number of planes, passing through a right line perpendicular 
f to it» generatrices, and all the sections are brought into one 
W. plane by being rotated on thin common line, the tangents to 
p the different curves of the sections, at points in them, situated 
I tn one line perpendicular to the common one above-mentioned, 
\ will all meet this common line in the same point. 

This property is analogous to the well-known one of 
[ ellipses described on a common axis; and is true in this 
e only inasmuch aa these ellipses are the intersections of 
I the same cylinder by planes fulfilling the above-atated 
I conditions. 



Problem 2. 

Section of a cylinder bi/ a plane perpendiculai 
ffeneratrixes. 

48, Let ahc be the horizontal trace of the cylinder, and 
let the outlines of the cylinder be determined according to 
the construction to Prob. 1, p. 53. The cutting plane being 
perpendicular to the generatrices, its traces must be per- 
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pcndicular to the projections of these lines (Prob. 14, p. 41) ; 
let qp and qp' be these traces. The first step ia to find the in- 
tersections of the generatrixes with the plane ^(i'p: let a ver- 
tical plane be conceived to pass through one of these, oe a'e' 
for example. The horizont<il projection of tho intersection 
of this plane with pqp' is ae, and one point in the vertical 
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projection is obtained by drawing kh' perpendicular to xy. 
To determine a seeond point, draw a parallel, zo, zo' topq, 
through any point s,2'of the tracB^p',- thepointo,in which 
SO meets ae, is the horizontal projection of a point common 
to the two planes, the vertical projection o' of this point is 
deduced, and subsequently k'o', which ia that of the line in 
which the two planes cut each other; the point e' in which 
ae' meets /I'o' will be the vertical projection of one point of 
the section sought, e therefore is the horizontal projection. 
The vertical planes passing through the different genera- 
trixes will cut the sectional plane in parallel lines, the ver- 
tical projections of which will therefore be parallel to k'o'. 
The interaections of these parallels witli the vertical projec- 
tions of the generatrixes, will determine any requisite num- 
ber of points in the same manner as e, e' was determined, 
through which points the section of the cylinder by the plane 
to be drawn. 

To draw a tangent to this curve at any point m,m', 
draw kr, a tangent to the horizontal trace of the cylinder, 
through that of the generatrix which contains the proposed 
poiut. This line kr will be the horizontal trace of a plane, 
tangential to the cylinder. Now the tangent to tho section 
will lie both in this plane, and in the piano of the section, 
it is therefore their common intersection : hence the point 
r, in which kr meets ^j, is a point in the tangent aonght; 
mr is consequently its horizontal, and m'l-' its vertical, 
projection. 

The true figure atid magnitude of the section will be 
found by turning the plane pqp' round on its trace pq, into 
the horizontal plane; but the constructions requisite will be 
readily comprehended both from what was explained on 
this subject in Prob. 1, and from tho figure. 

When the cylinder is developed, the sectional curve 
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made by the plane qqp', being perpendicular to the genera- 
trixes, will develop into a straight line, perpendicular to the 
development of the generat rises. Drawa straight line, and 
off on it the lengths of the area ef fg... of the section*;'-^ 
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from e to tf>, ^ to 7, &c. ; then mate the perpendiculars e*, 
. . . drawn through the points e,0,7, &c., equal to the 
real length of the segments of the corresponding genera- 
trises, intersected betvpeen the sectional and the horizontal 
planes. By this proceeding points in the developed base of 
the solid may be obtained. The true lengths of these gene- 
ratrixes are to be deduced by Prob. 5, p. 34. 

Let the ordinate k/* in the development be that which 
corresponds to mk, m'h' on the cylinder, passing through the 
point of contact of the tangent; Arm, k'r'm' are the projec- 
tions of a right-angled triangle, of which kr, k'r' is the hypo- 
theneuse, and rtn, fiv. are respectively equal to its two sides; 
by making /tp equal to Mr, the line joining the points k/j 
will be the tangent at k. 

* The generatrixes which pasa through the extremities of tho equal 
area, ab, bc,cd.... of the base of the cj-Under, will not iolercept equal 
&TCS of the elliptic eectioo, mode by a plane perpendicular to those gene- 
mtrixea, as wiU be perceived from thefigureEFo.. .hence the seginentB of 
the straight line f<p, (py , ..which are these arcs developed, ore oot equal, 
a those in the correspanduig conttnictiDn of the last Problem were. 
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Rn. When the cutting plane is oblique to the 
s, the projections of the curve andof the tangent 
are lound by constructions similar to the foregoing. But to 
turn the curve down on the horizontal plane, it is necessary 
to trace the projections and construct the true magnitudes 
of the perpendiculars, drawn from the various points of this 
curve to the horizontal traco of the cutting plane. To draw 
the development of the cylinder, it is necessary previously 

ito obtain the section of the solid by a plane perpendicular 
to the generatrixes, as in the two previous problems. 
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Problem 3. 

Section of a cone by a plane perpendicular to the vertical 
plane of projection. 

49. 1°. It is evident that the vertical projection of the 
section is identical with the vertical trace of the cutting-plane 
pqp'- ijct om,o'm" be the projections of any generatrix of 
the cone; it is easy to find the projections k,»" of its intersec- 
tion with the plane pqpU and by repeating the constructioa 
for as many generatrixes as may he deemed necessary, the 
data for drawing the horizontal projection efy of the conic 
eection may be obtained. 

The cono in the figure is a right one with a circular 
base; its axis is vertical, and the two generatrixes parallel 
to the vertical plane are oa, o'a', and od,o'd'. The points 
of the curve efg may also be obtained by cutting the cona 
by horizontal planes: let h'i' be the vertical trace of such a 
plane, which will obviously cut the cone in a circle, tha 
horizontal projection of which will be an equal circle, 
described on the centre o, with a radius equal to half h'i'; 
and it cuts the plane /jy/i' in a line perpendicular to the 
vertical plane, the horizontal projeclion nn of which per- 
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pendicular is readily determined. The points n,n , 
this perpendicular cuts the circle, are common to tl 
aontal projection of the elliptic section, other points ii 




niiiy be found by a repetition of the construction made with 
other horizontal planes. By means of this construction, 
the points situated on the line o'o, perpendicular to xtf, may 
be found, which by the first construction could not readily 
be done, 

2°. To draw a tangent to the curve e/if, at the point n, 
for example, draw the tangent mr to the circular base at 
e point in which the generator, passing through the pro- 
posed point Tt, cuts that base. This tangent mr will be the 
.horizontal trace of a plane touching the cone in the gene- 





, »i"o', and the tangent sought will be the interaec- 
[ tion of this tangent plane with the plane /ij/)'. The point 
which the traco mr meets the trace />y, will be com- 
n to the tangent, or will bo its horizontal trace; rn being 
\ 'drawn, will therefore be the projection of that tangent. 

, Toobtainthe true form and magnitude of the section 
■the plane pj/"' may be turned down either on ita vertical 
trace or on its horizontal trace ; in either case the construc- 
tiona will be precisely the same as those given in the last 
problem. In the example before us, the major axis of the 
ellipse is equal to the line X^'e', and the minor axis is deter- 
mined by drawing a horizontal plane through the middle of 
W'',- the diameter of the circular section made by this plane 
is equal to the conjugate axis of the elliptic section. 




^. In the case of a right coue, since all the points of the 
base are at an equal distance from the vertex, this base will 
develop into a circle, described with oa! for a radius. Let 
o;3y. . .be this circle; make the portion of the circumference 
,..a' equal to the periphery of the base of the cone, setting 
[ off along it small equal chords, which by trial have been 
L^band to divide the circular base into any number of parti. 
e2 
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The radii aid, w^, wy..., drawn through these points of divir ^ 
aton, will represent the correaponding generatrixes oa, ofr, i 
oc. . . of the cone when developed. 

The points of the conio section situated on these gene- i 
ratrixes will not change their respective distances from the ' 
vertex, and it is evident that these distances are given on 
the line o'a\ between the point o' and the parallels to ary 
drawn through the projections ^,f',g'; hence if these dis- 
tances are set off from a> to e,0,;^..,, the carve e(^-}^, repro- 
nting the development of the elliptic section, can be drawn. 
Tho tangent is obtained as it was in the case of the cylin- 
■, by observing that before and after the development, 
each element of the conic soctiou always makes the same 
mgle with the contiguous generatrix. Let the point v, for 
example, correspond to the point n, n' of the conic section. 
Tho tangent at this point is the hj-potheneuse of a right- 
angled triangle, one side of which is mr, and the other, 
which has mn for its projection, is equal to /iv; if, there- 
fore, a perpendicular /x'p be drawn to (t-v, and made equal 
to mr, and vp bo joined, tho line vp will be the tangent to 
the new curve etfjy.... 

When the cone is not a right one, the development 
cannot he made by means of a segment of a circle such as 
aaa'. In this case, the simplest mode of proceeding is to 
divide the base abc... into very small parts, and to consider 
56 as right lines, and the cone as a pyramid. The three 
sides of each triangular face of this pyramid is easily 
deduced, and they may be constructed successively, and the 
development of the cone thus obtained. It is equally easy 
to determine the distances from the verte.t of the cone to 
the different points of the conic section, and consequently to 
trace the curve produced by the development of this section. 
The tangent is determined by constructing on /icanoblique^ 
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ringled triangle, one side of whicb, fj.p, \a equal to mr, but 
I the third side vp, must be deduced from its two projections 
I «r and n"q. 

Scholium. It is only for simplicity's sake, that, in the 
Bnunciation of this Problem, tbe cutting-plane is assumed, 
perpendicular to the vertical plane. But though the con- 
structions requisite, when the plane is assumed in any other 
position, are more complicated, they are not more difficult. 

PUOBLE-M 4. 

To determine the intersection of a cone with a plane irhen 
the section has a 



50. The sectional plane jji/// being again assumed ])er- 
pendicular to the vertical plane, let a plane, o'm'm, be sup- 
posed parallel to it, passing through the vertex of the cone, 
and cutting this in tbe genoratrixcs om, o'm', and on, o'n'. 
The generatrixes indefinitely near these meet the ^lane pqp', 
but at an indefinite distance ; so that those which lie in the 
phine omm' must be considered as being met by pgp' in 
pointe infinitely distant. Hence it appears that tbe ciirvea 
of tbe section must have infinite branches. In other 
respects, all tbe constructions of tbe last problem must be 
employed in this case In tbe figure tbe assumed cone is a 
right one, and tbe section is an hyperbola ; the true form 
and magnitude are determined by turning tbe sectional 
plane down on tbe vertical plane ; the one conical surface 
alone developed in the figure. 

The principal object in this problem is to determine the 
asymptotes to the hyperbolas, or, in other terms, tbe tangents 
at points in the curves infinitely distant, which points may 
be considered as lying in tbe generatrixcs parallel to the 
plane pQp'- Now, if we conceive a tangent to be drawn to 
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the curve anywhere, and the point of contact to be more and ' 
more distant the h rait to thi? tangent will be an isjrap 
tote consequently these asyinptates may be determined on 
precisely the same principles as any other tangents 




I 






The tangent at any point of the conic section is the 

intersection with the plane pqp of a plane tangential to 
the Lonical surface touching it in the generatrix containing 
the point Draw the tangents mr ns to the base abc 
thesowiU be the horizontal traces of the tangent planes 
touching the cone in the generatii\es passing, through the 
infinitely distant pointa of the curve hence the points r 
and a in vthich these traces meetly ire common to the 
asymptotes If therefore through an la piiallels to the 
generatrices om on be drawn they will bo the horizontal 
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projections of the asymptotes. These asymptotes to the 
curve, when drawn of its true magnitude and figure, as well 
as to the curve of the developed section, are easily deter- 
mined from the foregoinir by principles explained in the 
preceding problems. 

§ 2. Intersections of Cl'rved Suiifaces. 

Problem 1. 
Intersection of two cylinders. 

51. The auxiliary planas may he assumed parallel to the 
generatrixes of the two solids, in which ease these can only 
be cut by the planes in lines coinciding with the genera- 
trixes; hence the points of the intersection sought are deter- 
mined by means of right lines only. 

Through any point a, a', assumed at pleasure, draw two 
lines parallel to the generatrixes of the two given cylinders: 
determine the horizontal trace be of the plane passing 
through these two lines. The traces of all the auxiliary 
planes will be parallel to be (Prop. 17). 

Let one of these traces cut the bases of the cylinders in 
<i) s-,f^ and^, it is clear that the four generatrixes parsing 
through these points will all lie in one plane ; consequently 
the points in which the projections of these generatrixes cut 
each other, will be those of two points in the common inter- 
sections of the cylinders; h, i, k, I, will accordingly be points 
in the horizontal projection of this curve, and h'i'k'l' their 
vertical projections. 

If hh', it', ii', W be joined, these four lines will be per- 
pendicular to the ground line. 

By a repetition of these constructions as many points in 
the curve of intersection may be obtained as may be deemed 
necessary. 

The tangent at any point of the curve of intersection 





the intersection of two generatrixea, cutting thebassa of the 
cylinderain m,m' and p,p'. Draw my,^^ tangents to these 
basea at m and p. These tangents will be the horizontal 
traces of the planes tangential to the cylinders in the two 
generatrixes through n; the line nq, therefore, drawn 
through n and q, the point common to these two traces, will 
be the horizontal pi-ojection of the intersection of the tan- 
gential planes, or will be that of the tangent sought; </' in 
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d^ will be the vertical projection of j, and n'c^ therefore 
that of the same tangent. 

Of two cylinders which intersect, one may either entirely 
through the other, in which case there will be two 
intersection, or a part only of the generatrixea 
of the one may meet the other cylindrical surface; when 
only one curve will be formed. The following construction 
will determine at once whether two given cylinders will 
intersect each other according to one or the other of these 
condittOQB. 

Draw two tangents to the hase of each cylinder parallel 
to he. If both the tangents to either base cut the other, s& 
rs, uv, the auxiliary planes, of which these lines are the 
traces, comprise between them the whole of the one solid, 
but only the portions of the second corresponding to the 
arcs sgz, tfn, and it is obvious that the first cylinder meets 
these two portions of surface, and traverses the space 
between them ; in this case, therefore, there will be two 
curves of intersection. 

But if each base be cut by one only of the tangents 
drawn to the other as is the case in the next fig.* ; 
then the auxiliary planes passing through the tangents r« 
and uz comprise the portions of surface of both cylinders 
corresponding to the arcs wr^ands^;, and it is evident 
that these portions mutually meet; while the remaining 
or the e.'cterior portions have no common point ; in this 
B there will therefore be only one curve of intersection. 
The constructions above described for determining whe- 
ther the cylinders meet in two, or only in one continuous 
curve determine the generatrixes of each solid, which serve as 
limits to the curve of intersection. Thus in the first fig., the 
• Refor to the former fig. for the letters of reference not inserted in 




curve in which the one cylinder enters the other ia boundet 
by the generatrixes which pass through the pointa ( and », 
and the other curve by which the cylinder passes out i 
bounded by the generatrixes which pasa through « and z 




In the above fig. the curve of intersection has for its limitg I 
on one of the cylinders the generatrixes through u and v, and' | 
on the other those which pass through s and (. 

The general construction for determining the tangent I 
to these curves, also proves that these generatrixes are tan- 
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gents to the curve of intersection; thus for example, let 
one of the jjlanes, tangeutial to one of the two cylinders, pass 
through the point r and the other through t. The former 
ooincidea with the auxiliary plane, the trace of which is rt; 
it accordingly intersecta the second in the generatrix which 
passes through (,■ this therefore ia a tangent to the curve of 
mtersectiou. The projections of this generatrix are conse- 
quently tangents to that of the curve. 

Problem 2. 
Intersection of ttco Cones. 

52. A series of planes passing through the two vertices of 
the cones will cut their surfaces on straight lines, the inter- 
sections of which will be points in the curve sought. The 
tangent at any point of the curve will be the intersection of 
the planes tangential to the two cones. 

Let the given cones be those represented in the figure, 
let that with the least base be called, for distinction, the 
"small," and the other the "great cone." Let c be the 
horizontal trace of the line ab, a'b' joining the vertices. 
The horizontal traces of all the auxiliary planes will pass 
through this point c. Draw the tangent cd, ce to the base 
of the small cone, which will cut that of the larger 'mf, g, 
k, and i. All the auxiliary planes, the horizontal traces of 
which as cm are comprised betweeu these tangents, cut both 
cones and will determine points common to their surfaces; 
but those planes, of which the traces are external to these 
two tangents, cannot cnt both surfaces. 

Hence the intersection of these cones is composed of 
two parts*, one situated on that portion of the larger cone 

* The conical Kurface, it must bo remembered, coDsitits of two ports, 
n each dde of the vertex ; only one of these is siiown in the figure. 



corresponding to tbo arcfrmg, and tha other on that oor<,^ 
responding to the arc hi, but in the figure the constructions- 
appertaining to the former are alone shown. 
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The points a, b are the horizontal projections of the ver- 
texes, the lines ad and bf, ae and bff, are those of the gene- 
ratrixes in which the cones are cut by the auxiliary planes 
which have cf, c(7, for their horizontal traces, consequently 
the points (, « in which these respectively meet, will be the 
horizontal projections of two points in the curve of inter- 
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iection. It mnst be observed tbat this curve being bounded 
on the larger cone by the geiieratrixea projected in bf, hg, 
will have these line for tangents, and consequently the 
projection of tbat curve will have bf, bg for tangents. 

Let cm be the trace of any auxiliary plane and let it 
cut the bases in k, I, and m; this plane will cnt the conical 
surfaces in generatrixes having ak, al, bm for their projec- 
tions. The intersections », o of bm with ak, al will be 
points in the horizontal projection of the intersection of the 
surfaces, and by a repetition of these constructions as many 
points may be obtained as may be deemed necessary. 

The other projection is obtained by constructing the 
vertical projections of the generatrixes determined by the 
auxiliary planes, and will bo readily understood from the 
figure without further description. 

Let it be required to determine the tangent to the 
curve of intersection at the point j, q' that in which the 
generatrixes aq, br meet. Draw the tangents to the base 
ps, n, which will obviously be the horizontal traces of 
planes tangential to the conical surfaces in the generatrixes 
in question; draw qs through the point s in which the 
tangents meet; eq, s'q" will be the horizontal and vertical 
projections of the tangent at the point ijq'- 

If this construction were applied to the points t, t', w, u', 
the lines bt, b't', bu, b'u' will be obtained, as, obviously, 
ought to be the case. 

Problem 3. 

To determine the intersection of tieo surfaces of revolution, 
the a.veg of which meet each other. 

53. The construction would be simple enough in the case 
of two surfaces, the axes of which were parallel ; for in that 
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e should only have to draw a series of planes perpen- 
dicular to these axes, each cutting the surfaces therefore 
in circles, the points of intersection of which mnst helong 
to the curve sought. But this method of proceeding is not 
apphcable when the axes are not parallel ; for then the 

• planes perpendicular to one will not be so to the other. 
Nevertheless, if the two axes meet, as by the hypothesis 
they are supposed to do, the points of the curve may bo 
determined by the intersections of circles ; the surfaces 
being cut, not hy planes but by concentric spheres, having 
the point of intersection of the axes for their common centre. 
For each of these spheres will intersect the two surfaces in 
the circumferences of circles, the intersections of which will 
be points in the common section of those surfaces. 

To render the constructions as simple as possible, let the 
vertical piano be assumed parallel to the two axes, and the 
horizontal plane perpendicular to one of them. On this 
supposition, one of the axes will have a point a, for one of 
its projections, and the other a line ab, parallel to xy. The 
vertical projection of the first axis will be a'a", perpendi- 
cular to xi/, and the other may have any direction, as a'b', 
according to the data. The two surfaces are given by the 
vertical projections of two meridians, k'l^i'c" and h'd'i'd", in 
the piano of the axes. 

From a' describe any circle at pleasure, c'd'c"d" cutting 
the projections of the two meridians in c', c", d' and d". 
This circle will obviously bo the projection of the section of 

I a sphere of the same radius, having a, a' for its centre, made 
by the plane of the two axes. The points c'c", d'd'\ are 
therefore the vertical projections of points common to these 
meridians and to the sphere. If the meridian of the first 
surface he supposed to rotate on its axis, the points c'c" 
would describe a horizontal circle, the vertical projection 



t 

J 



w 

^V which would be cV,- thia circle would be common to the 
^H surface and to the sphere. 
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^m given aurfacee ; these points obviously have only one cotiimott 
^m vertical projection. To determine tlieir horizontal ones, 
^B N,w, the horizontal projection of the circle, corresponding 
^M to c'c", must be drawn, and n'n drawn perpendicular to iry. 
^P By repeating this construction with other circles described 

^ from a\ as many points in the projections of the intersection 
may be determined as may be deemed requisite. Since 
the meridians, of M-hich k'e'i' and k'd'i' are the projections, 
lie in the same plane, the points h' and *" must belong to 
the vertical projection of the intersection of the two sur- 
faces ; the correapondinp horizontal projections are situated 
on the line ab. 

The tangent at any point of the intersection of two sur- 
faces has hitherto been determined by means of two tangent 
planes ; but it has been explained (p. 64), that such a tan- 
gent is also determined by the condition of its being per- 
pendicular to the planes passing through the proposed point, 
and the normals to the two given surfaces ; and it was stated, 
that this condition is principally employed when those sur- 
faces are surfaces of res'olution, owing to the facility with 
which the normals to this class of surfaces are determined. 
The tangent plane being perpendicular to that of the meri- 
dian, through the point of contact, the normal itself must 
lie in this meridional plane, and is consequently easily 
determined, 

t Suppose, for example, that it was the tangent at the 

point n', m", which was to be drawn, this point lying on the 
two circles projected in c'c'", d'd'"; the two normals at that 
point must first be obtained. To effect this it must be 
observed, that the normals drawn to any surface of revolu- 
tion through the different points of a parallel, must all meet 
in one point of the axis. If, therefore, the normals c"k' and 
d"'l', to the vertical projections of the two meridians are 
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drawn, cutting the axis in ¥ and /', and n'k\ n'V be joined, 
these lines will be the vertical jjrojections of the two nor- 
mals sought; a and I are the two horizontal projections 
corresponding to ¥ and I' , sa, n/, are consequently the pro- 
' jections of the normals on that piano. It would next he 
necessary to construct the traces of the plane passing through 
these normals, and lastly to draw the perpendicular to this 
plane from tho point nn\ 

But it is unnecessary to construct the vertical trace of 
this plane, since the plane of the axes being parallel to the 
vertical plane, this trace will be parallel to ¥1. Instead of 
the horizontal trace, we may employ the line joining the 
points in which the normals meet any horizontal plane ; 
that, for example, of which /e" is the vertical trace. Con- 
sequently, by prolonging ii"¥ and n"l' to their points of inter- 
section r*, «", with ^e", the corresponding points r, g, ou the 
horizontal plane can be deduced on the horizontal projections 
na, nI, of tho two normals, and re must be drawn through 
these points. After having found the lines rs and i'l', to 
which the traces of the plane of the normals must be 
parallel, nt, n'f being drawn perpendicular to them from 
the point «, will he the projections of the tangent at n'»". 

In general tho projection of tho tangent to a curve \a a 
tangent to the projection of that curve ; nevertheless there 
is one exception to this rule, in tho case when the tangent 
IB perpendicular to the plane of projection : for then the 
projection of the tangent is a point. This would happen 
with tho tangents at the points projected in ¥ and i', for 
the tangent planes to the two surfaces at these points would 
evidently be perpendicular to the vertical plane. Hence if 
the tangent wore to be determined by the intersection of the 
tangent planes, the construction would fail in this case as 
far as the vertical projection of that tangent is concerned, 




and 
described. 
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must then be had to the oonnab as above 



To determim tie intersection of Iko surfaces of retolutiony 
the asset of which lie in different planet. 

54. The horizontal plane must be again assumed perpen- 
dicular to the axis of the first surface, and the vertical plane 
parallel to the a.'ces of both ; the data will present the same 





I 



DESCRlPTiVE GEOMETRY. 91 

arraiigeinent as in the preceding problem; only tlie hori- 
zontal projection of the axis of the second surface will not 
paaa through the point a, but wili be parallel to xy, aa be. 

Since the axea lie in different planes, there can be no 
two parallels, one on each surface, which lie in one plane, 
or are comprised in one sphere; another proceeding must 
therefore be adopted, — that of cutting the two surfaces by 
horizontal planes. Each of these will intersect the first in 
a circle, the horizontal projection of which wili he an equal 
circle, which is readily described; but the section of the 
second surface will be a curve, the projection of which must 
bo obtained by means of points, through which this curve is 
drawn ; the points in which it cuts the circular section of 
the first surface will be points in the projection of the com- 
mon iusersection sought ; and the vertical projections of 
these points will lie in the trace of the auxihary plane. 
Every two points thus to be determined will necessitate the 
construction of a curve. 

Let d'f, parallel to xy, be the vertical trace of an auxi- 
liary horizontal plane; its intersection with the first surface 
is projected vertically in d'd", and horizontally in the circle 
dmm, described from a as a centre, with ^d'd" for a radius; 
the vertical projection of the curve of the section with the 
second surface will be ff'i and to obtain points in the 
horizontal projection, the surface must be supposed cut by 
planes perpendicular to its axis, forming consequently cir- 
cular sections. 

Let g'g" bo the vertical projection of such a circular 
section, the point //, in which/'/" meets ^p'", is the vertical 
projection of two points in the auxiliary curve required; 
consequently the horizontal projections of these two points 
must lie in k'h, drawn perpendicular to xy. Let the plane 
of the circle (/'(/", be supposed turned round on the HueA'A 
till it is horizontal, and then projected on the horizontal 
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plane ; it will be soen that tbia projection must be a circle, 
described from the point k, with kl for its radius. Now, the 
points projected in h\ before mentioned, are not moved on 
thia supposition ; their horizontal projections, therefore, will 
be hh, in which the circle kl cuts k'h. 

By means of other planes perpendicular to 6V, other 
points of the section corresponding to /"/" are determined; 
and the curve itself /if& obtained. This curve and the circle 
dnijR, are then the horizontal projections of the sections of 
the two f^iven surfaces made by the auxiliary pkne d'/'; 
and hence m,m', m',m", in which these lines cut each other, 
must be two points of the intersection of those surfaces. 
These constructions must be repeated for other auxiliary 
planes, till a sufficient number of points are determined*. 

The tangent to the intersection of the two surfaces ia 
obtained, as before, by means of normals. The vertical 
projections of tlie parallels of each surface in which the 
point of contact is situated, must first be determined, aud 
subsequently those of the normals; but instead of finding 
the traces of the plane of the normals, which would bo an 
unnecessary operation, the intersections of this plane with 
the horizontal and vertical pianos, passing through the point 
in which the normal to the second surface meets its axis, 
are determined. 

PnoBLEM 5, 
To construct the projection of a helix on a vertical cylinder, 

and to determine the tangents to this helix, tchich are 

parallel to a given plane. 

55. Any whatever cylinder being given, let it be supposed 
cut by a plane perpendicular to its generatrixcs; if distances , 

* To avoid complicating the figure, the 
points, m,m, tn',Bi", are alone shown,and nt 
f irfooes. 
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are act off along these generatrixea from the plane propor- 
tional to the arcs of the base comprised between these 
I goneratrixca, and any fixed point of this base, assumed at 




ploa«ure, 
helix*. 



the curve which would be thus determined is a 



■ If a rigLt-ongled trjangle, the base of which is equal lo the circular 
base of a right oyliodpr rectified, and its height onj whatever, be con- 
ceived as wound round tlie cylinder, ao oa to coincide everywhere witli 
ilssnrfiice, the hypotheneuse will form a lieUx onthecylinder. The side 
of the triangle will coincide with the directrix passing through the point 
of departure of the curve. _ . 
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This mode of generation shows that if the cyhnder he " 
developed on a plane, the base becomes a right hne, perpen- 
dicular to the geueratrixBB ; and the helix, consequently, 
develops into a straight line, oblique to these gcneratrixes. 
Consequently all the tangents to the curve are inclined to 
the gcneratrixes in the same angle. If, therefore, we deve- 
lop the cylinder and the helix into a plane, touching the 
cylindrical surface in the generatrix, passing through the j 
point of contact, the helis when developed will coincide I 
with the tangent to the curve at that point. 

Another property directly resulting from these condi- 
tions is, that if all the tangents to the helix were moved 
parallel to their original position, but so as to pass through 
one common point, they would form a right conical surface, 
the axis of which would bo parallel to the generatrises of 
the cylinder. Hence it follows tliat the tangents parallel i 
to a given plane must be parallel to the right lines, which i 
would be formed by the section of this cone by a plane i 
parallel to the given one. 

Let the base of the cylinder be the circle abc lying ii 
the horizontal plane, and let a be the origin of the arcs or | 
circular abscissa. And let a'a" be the distance between any 
two consecutive revolutions of the helix*. The circumference 
abca, and the altitude a'a", must be divided into any num* j 
her of equal parts, twelve for example. Draw the vertical I 
projections of the generatrixes passing through the points of ] 
division of the base, and make the heights of these projec- 
tions in succession equal to the corresponding segments of I 
a'a", hy drawing lines parallel to xy through the points of I 
division of that line. The line a'h'c'a" drawn through ' 
these points will be the vertical projection of one convolur 1 

will lliprefore be the altitude of the right- J 
in tlie preccdiog note. 



* This distiuicc o 
angled triangle alluded t< 
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tion of the helix. And any number of consecutive revolu- 
tions may be drawn by setting off the constant distance 
a' a" along the projections of the gene matrixes, from each 
point of the first, which ia obviously etjuivalent to a repe- 
tition of the construction by which tlio first convolution 
was obtained. 

Let it now be required to determine the tangents to the 
helix parallel to any given plane, a^a\ the horizontal trace 
of which may be assumed perpendicular to xy; but the 
construction will be equally simple if the plane have any 
proposed position. 

Draw the tangent bd to the circle abc, and mal;e it 
i«qual to the arc ab rectified. The vertical plane passing 
through bd would be tangential to the cylinder in the 
generatrix h b'b", and the helix would develop on this plane 
into the tangent to the curve at b,b', which would pass 
through the point d,d'. b'd', therefore, drawn through d\ 
the vertical projection of d, will be that of the tangent 
sought, and bd will bo its horizontal projection. 

A line parallel to this tangent through the point 0,6', 
would have e for its horizontal trace, and if this line 
were rotated round the axis of the cylinder, it would 
generate a right cone, having a circular base of the radius 
00, the generatrixes of which cone are, as has been stated, 
parallel to the tangents of the helix : consequently the 
plane b'fk., which passes through the vertex of this cone, 
and which is parallel to the given plane a'ySa, must cut 
the cone in lines parallel to the required tangents; these 
Jines have og, oh, for their horizontal projections. 

And since tlie tangents to the helix have tangents to 
the circle abc, for their horizontal projections, if the tan- 
gents mr, Hfl, be drawn respectively parallel to og, oh, they 
will be the horizontal projections of the tangents sought. 
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The vertical projections m', n' of the proposed points being 
determined by means of the horizontal ones, »iV, wV are to 
be drawn parallel to ^a or bf, for the vertical projectiona of 
the taiigenta to the helix. 

Although two other tangents to the circle abo might be 
drawn, parallel to og, ok, respectively, yet they would not 
1 the horizontal projectiona of two tangents to the helix 
parallel to the generatrixes of the cone ; it being obvious, 
from the nature of the curve, that the tangenta to it at 
those pointa would be inclined in the opposite direction to 
that of the corresponding generatrix. 

There would, however, he two tangenta parallel to thfl 
two first at each successive spire of the helix, at points 
having m for their common horizontal projections. 



To construct the projection of a gpktrical ^ici/cloid, and to 
determine a tangent to it at an^ proposed point. 

56. Bef. If a circle roll on the circuraferonce of 
another, which remaina stationary, ao that the two circum- 
ferencea are always tangential to each other, any point in that 
of the first will describe a curve termed an epicycloid : if the 
moving circles always remain in the same plane with the 
fixed one, it is clear that the epicycloid will be a plane 
curve lying in the same common plane. But if the two 
circles are not in the same plane, but constitute the bases of 
two right cones having a common vertex, and therefore 
equal generatrixes, and the one cone roll over the surface 
of the other fixed one, ao that they may always have the 
aame common vertex, and touch in a line common to bodi, 

a die epicycloid is termed a spherical one. 
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For, on this supposition, it ie clear that the fixed circle 
ia on a apbere, having the comman vertex of the eonea for 
ita centre, and their common generatrix for its radius; and 
the moving circle always remaina on thia spherical surface, 
or, in every position, lies entirely in it. 




^P The plane of this moving circle, in every poaition of 
it, cuts that of the fixed base in a line which is a tangent 
to both circles, and it is obvious that the inclinatioQ of the 
two planes remains constant, and equal to the angle formed 
by the axes of the two cones. 

The tangent at any point of the spherical epicycloid 
must be in the tangent plane to the sphere, and it will now 
be proved that it also lies in a plane tangential to a second 
sphere, which would have for ita centre the point in which 
vthe moving circle touches the fixed one in that position, 
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Instead of circlea, let two polygons* a bc . ,, a'b'o' , ., bo 1 
supposed to roll one on the other; and to simplify the subjeot, f 
let the polygons be supposed regular ones of auy number oi 1 
sides at pleasure, the sides of the oue beiug efjual to those of J 
the other, althoujrh the number of theni may vary in the [ 
two, and let the angle a' coincide with a ; the polygon abc 1 

ng assumed aa fised, let a'b'c' turn round the point a 
that b" may coincide with b; then again the polygon turn* ] 
1 1), till c' coincides with c, and so on in succession. 

Now, any point m of the moving polygon, during the | 
rotation of it on the angle a, will lie on the surface of a 
sphere having a for its centre, and am for its radius ; and 
when the point h becomes the centre on which the jiolygon I 
turns, M will lie on the surface of a sphere having b for its J 
centre and dm for its radius, and so on in succession. The ] 
tangent, consequently, at any point of the lino generated 
by the point m, ought to lie in the tangent plane to a sphere, 
the centre of which is the angular point of the polygon, 
about which the rotation is effected that brings the point m 
into its actual position. This conclusion being independent , 
of the magnitude of the sides of the polygon, must apply 
equally in the case of two curves rolling on each other, that ] 
ia, the moving curve being in auy, whatever, of its ptwi- 
tions, and if h express the point in which it touches the ] 
fise{l curve, and n the corresponding situation of the gene- ] 
rating point m: the tangent at the point n of the curve I 
generated by the point m, will always he contained in tho | 
tangent plane at the point n to the sphere having h for its 
centre and un for its radius. 

1°. To draw the projection of the Epicycloid. This 1 
projection may be made on the plane of the base of the 1 

* To avoid imneceB8at7 complexity, the pol^'gons are not drawn ii 
the figure. 
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fixe<l cone; let the circle abb, a, deHcribod on the horizontal 
plane with the radius oa, he the base of this cone, and let 
tile point which generates the epicycloid have originally 
and tho point of contact of the two circles be 
supposed now at b; to determine the actual position of the 
generating point a second plane of projection must be 
asauraed cutting the first in ob, it must consequently pass 
through the common vertex 0,0' of the two cones, and will 
cut the moving cone in the isosceles triangle o'bi/, which ia 
one of the data of the problem ; the horizontal trace of the 
plane of the base of this cone will be the line be, a tangent 
to the fixed circle in the point b, while be' is obviously the 
vertical trace, and at the same time the vertical projection 
of the base of the cone. 

The circle &MC, the diameter 60 of which ia equal to that 
of the base of the moving cone bo', will be that base turned 
down on the horizontal plane. Make the arc Jm of this 
circle equal to the arc ba, for since the point m was origin- 
ally at a, and the different elements of the two arcs 6m and 
ba, having been fiuccessively applied to each other, these 
two arcs must be equal. 

Make bm' in be equal to the distance of m from be; 
through m' draw a line parallel, and through m one perpen- 
dicular to be; these two lines will cut each other in tn, 
the projection of the point m on tho horizontal plane, and 
therefore a point in the projection of the epicycloid. 

By a repetition of this construction, as many points in 
the projection as may be deemed necessary may be deter- 
mined, but instead of repeating the construction at different 
points of tho circle abb'a', as for example at b, all that 
part of tho construction which requires the circle J.mc, may 
be made on that circle ; thus, the arc ba is to be made 
equal to ba, and the horizontal projection m, of the point 
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M, found 33 before, and then m, must be transferred to iti i 
true position by taking the point n in the same position as . 
rej^ards ob, that m has to oli. Which is done by describing 
a circle from a as a centre with om, for a radius, and ' 
making the arc en equal to dm, of that circle. 

2°. Conitruction of the Tangent. The epicycloid, as has 
been already observed, lies on the surface of a sphere, having 
o,(^ for its centre, and o'b for its radius, consequently the tan- 
gent to the point m, m' of this curve is in the tangent plane 
to this sphere. Ithas also been proved to lie in the tangent 
plane to a sphere, the centre of which would be in 6, and the 
radius of which would be i m ; the intersection of these two 
tangent planes must therefore be the tangent in question. 

The base of the moving cone, which is turned down in 
the circle Smc, belongs to the first of these spheres; if there- 
fore a tangent k/ is drawn to the circle 6mc at the point 
M, it will be a line situated in the tangent plane to the 
sphere turned down with ^mo on the horizontal plane, con- 
sequently the point /, in which af meets be, is in the 
horizontal trace of this plane. This trace must therefore 
be the line (?y drawn fromy, perpendicular to the projection 
om of the line, which passes through the point of contact. 

The circle described with the radius ba is one of the 
second sphere, also turned down on the horizontal plane, if 
M^ be drawn a tangent to it, meeting be in g, and g^ be 
drawn perpendicular to bm, the hue g^ will bo the hori- 
zontal trace of tho tangent plane to the second sphere. 
The traces d'f, 0g meet in r, which must belong to the 
intersection of the two tangent planes, the line mr, drawn 
through this point r and through m, must consequently be 
the projection of the tangent to the epicycloid, or, which 
the same thing, a tangent to the projection of that curve. 
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